POLARIZED REAL TORI 



JAE-HYUN YANG 

Abstract. For a fixed positive integer g, we let Vg= [Y £ R(S'S' I y = *y > } be the 
open convex cone in the Euchdean space Kf^f+^'Z^. Then the general linear group GL{g,M.) 
acts naturally on Vg hy A*Y = AY^A {A e GL{g,R), Y e Vg). We introduce a notion of 
polarized real tori. We show that the open cone Vg parametrizes principally polarized real 
tori of dimension g and that the Minkowski domain $Hg = GL{g,'Z)\Pg may be regarded 
as a moduli space of principally polarized real tori of dimension g. We also study smooth 
line bundles on a polarized real torus by relating them to holomorphic line bundles on its 
associated polarized real abelian variety. 



1. Introduction 

For a given fixed positive integer g, we let 

be the Siegel upper half plane of degree g and let 

Sp{g,R) = {M e R^^aM | tMJ^M = Jg } 

be the symplectic group of degree g, where F^^'^^ denotes the set of all A; x / matrices with 
entries in a commutative ring F for two positive integers k and /, *M denotes the transposed 
matrix of a matrix M and 

-^'^[X o)- 

Then Sp{g,R) acts on transitively by 

(1.1) M ■VL = {AVL + B){C9- + D)-'', 



(c 



where M = e Sp{g, M) and e Mg. Let 



Tg = Sp{g,Z) e Sp{g,R) \ A,B,C,D integral 

be the Siegel modular group of degree g. This group acts on properly discontinuously. 
C. L. Siegel investigated the geometry of Hg and automorphic forms on systematically. 
Siegel [21] found a fundamental domain Fg for rg\EIg and described it explicitly. Moreover 
he calculated the volume of Tg. We also refer to [11], [Tl], [2l] for some details on Tg. Siegel's 
fundamental domain is now called the Siegel modular variety and is usually denoted by Ag. 
In fact, Ag is one of the important arithmetic varieties in the sense that it is regarded as 
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the moduli of principally polarized abelian varieties of dimension g. Suggested by Siegel, 
I. Satake |18j found a canonical compactification, now called the Satake compactification 
of Ag. Thereafter W. Baily [3] proved that the Satake compactification of Ag is a normal 
projective variety. This work was generalized to bounded symmetric domains by W. Baily 
and A. Borel [1] around the 1960s. Some years later a theory of smooth compactification of 
bounded symmetric domains was developed by Mumford school [2]. G. Faltings and C.-L. 
Chai [7] investigated the moduli of abelian varieties over the integers and could give the 
analogue of the Eichler-Shimura theorem that expresses Siegel modular forms in terms of 
the cohomology of local systems on Ag . I want to emphasize that Siegel modular forms play 
an important role in the theory of the arithmetic and the geometry of the Siegel modular 
variety Ag. 

We let 

■Pg = { y 6 I y= *y>o } 

be an open cone in with N - g(g + l)/2. The general linear group GL{g,M.) acts on Vg 
transitively by 

(1.2) AoY:^AY^A, A€GL{g,R), Y €Vg. 

We observe that the action (1.2) is naturally induced from the symplectic action (1.1). Thus 
Vg is a symmetric space diffeomorphic to GL{g,R.)/0{g). Let 

GL{g, Z) = { 7 e GL{g, M) | 7 is integral } 

be an arithmetic discrete subgroup of GL(g,M.). Using the reduction theory Minkowski [16] 
found a fundamental domain 9^^, the so-called Minkowski domain for the action (1.2) of 
GL{g,'L) on Vg. In fact, using the Minkowski domain y{g Siegel found his fundamental 
domain Tg. As in the case of H^, automorphic forms on Vg for GL{g,'L) and geometry on 
Vg have been studied by many people, e.g., Selberg [20j, Maass [14J et al. 

The aim of this article is to study arithmetic-geometric meaning of the Minkowski domain 
SHg. First we introduce a notion of polarized real tori by relating special real tori to polarized 
real abelian varieties. We realize that Vg parametrizes principally polarized real tori of 
dimension g and also that may be regarded as a moduli space of principally polarized 
real tori of dimension g. We also study smooth line bundles over a polarized real torus by 
relating to holomorphic line bundles over the associated polarized abelian variety. Those line 
bundles over a polarized real torus play an important role in investigating some geometric 
properties of a polarized real torus. 

We let 

G^' := GL(5,M) kRS 
be the semidirect product of GL((7,M) and with multiplication law 

{A,a)-{B,h):^ {AB,a*B-^ + h), A,BeGL{g,R), a,5eM3. 
Then we have the natural action of G^^ on the Minkowski-Euclid space Vg x defined by 

(1.3) iA,a)-iY,0--- {AY%iC + ayA), iA,a) € G^' , Y € Vg, ( ^R^^ . 
We let 

G^^(Z) = GL{g,Z)xZ3 
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be the discrete subgroup of G . Then G (Z) acts on Vg^MP properly discontinuously. We 
show that by associating a principally polarized real torus of dimension g to each equivalence 
class in d\g, the quotient space 

may be regarded as a family of principally polarized real tori of dimension g. To each 
equivalence class [Y] e GL(g,7j)\Vg with Y € Vg we associate a principally polarized real 
torus Ty = Rf/Ay, where Ay = YZ^ is a lattice in R^^. 

Let Yi and Y2 be two elements in Vg with [Yi] * [1^2], that is, Y2 * AYi^A for all 
A e GL{g,Z). We put Aj = YiZ^ for i ^ 1,2. Then a torus Ti = R^'/Ai is diffeomorphic to 
T2 - R^/A2 as smooth manifolds but Ti is not isomorphic to T2 as polarized real tori. 

The Siegel modular variety Ag has three remarkable properties : (a) it is the moduli 
space of principally polarized abelian varieties of dimension g, (b) it has the structure of a 
quasi-projective complex algebraic variety which is defined over Q, and (c) it has a canonical 
compactification, the so-called Satake-Baily-Borel compactification which is defined over Q. 
Unfortunately the Minkowski domain D\g does not admit the structure of a real algebraic 
variety. Moreover does not admit a compactification which is defined over Q. Silhol ^27] 
constructs the moduli space of real principally poarized abelian varieties and he shows that 
it is a topological ramified covering of 91^. Furthermore Silhol constructs a compactification 
of this moduli space analogous to the Satake-Baily-Borel compactification. However, neither 
the moduli space nor this compactification has an algebraic structure. On the other hand, 
by considering real abelian varieties with a suitable level structure Goresky and Tai [9j shows 
that the moduli space of real principally polarized abelian varieties with level 4m structure 
(m > 1) coincides with the set of real points of a quasi-projective algebraic variety defined 
over Q and consists of finitely many copies of the quotient <3g{4:m)\Vg with a discrete 
subgroup (5g{4m) of GL{g,Z), where 0g(4m) = {7 e GL{g,Z) | 7 e (mod 4m) }. 

This paper is organized as follows. In Section 2, we collect some basic properties about 
the symplectic group Sp{g, R) to be used frequently in the subsequent sections. In Section 
3, we give basic definitions concerning real abelian varieties and review some properties 
of real abelian varieties. In Section 4, we discuss a moduli space for real abelian varieties 
and recall some basic properties of a moduli for real abelian varieties. In Section 5 we 
discuss compactifications of the moduli space for real abelian varieties and review some 
results on this moduli space obtained by Silhol [27] , Goresky and Tai [9] . In Section 6 we 
introduce a notion of polarized real tori and investigate some properties of polarized real 
tori. We give several examples of polarized real tori. In Section 7 we study smooth line 
bundles over a real torus, in particular a polarized real torus by relating those smooth line 
bundles to holomorphic line bundles over the associated complex torus. To each smooth line 
bundle on a real torus we naturally attach a holomorphic line bundle over the associated 
complex torus. Conversely to a holomorphic line bundle over a polarized abelian variety we 
associate a smooth line bundle over the associated polarized real torus. Using these results 
on line bundles, we embed a real torus in a complex projective space and hence in a real 
projective space smoothly. We also review briefly holomorphic line bundles over a complex 
torus. In Section 8 we study the moduli space for polarized real tori. We first review 
basic geometric properties on the Minkowski domain 9^^. We show that Vg parameterizes 
principally polarized real tori of dimension g and that 9lp can be regarded as the moduli 
space of principally polarized real tori of dimension g. We show that the quotient space 
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G*^(Z)\('Pg xRS) may be considered as a family of principally polarized tori of dimension g. 
In Section 9 we discuss real semi-abelian varieties corresponding to the boundary points of 
a compactification of a moduli space for real abelian varieties. We recall that a semi-abelian 
variety is defined to be an extension of an abelian variety by a group of multiplicative type. 
In Section 10 we discuss briefly real semi-tori corresponding to the boundary points of a 
moduli space for polarized real tori. In the final section we present some problems related 
to real polarized tori which should be investigared in the near future. In the appendix we 
collect and review some results on non-abelian cohomology to be needed necessarily in this 
article. We give some sketchy proofs for the convenience of the reader. 

Finally I would like to mention that this work was motivated and initiated by the works 
of Silhol [27] and Goresky-Tai [9]. 

Notations: We denote by Q, M and C the field of rational numbers, the field of real 
numbers and the field of complex numbers respectively. We denote by Z and the ring of 
integers and the set of all positive integers respectively. The symbol ":=" means that the 
expression on the right is the definition of that on the left. For two positive integers k and /, 
p{k,i) (denotes the set of all A; x Z matrices with entries in a commutative ring F. For a square 
matrix A e f'^^''^^ of degree k, a{A) denotes the trace of A. For any M e F^^'^\ *M denotes 
the transposed matrix of M. In denotes the identity matrix of degree n. For a matrix Z, 
we denote by ReZ (resp. ImZ) the real (resp. imaginary) part of Z. For A e i^^'^'O and 
B € F^^'^\ we set -B[^] = ^ABA. For a complex matrix A, A denotes the complex conjugate 
of A. For A e C^''-') and B e C^'''''^ we use the abbreviation B{A} = ^ABA. We denote 
C* = {e eC| lei = 1}. Let 

denote the Siegel modular group of degree g, where 

is the symplectic matrix of degree 2g. For a positive integer N, we let 

TgiN)^ {7€r^| 7E/25(mod N)} 

denote the principal congruence subgroup of F^ of level N and for a positive integer m, we 
let 



(1.4) rg(2,2m)=|^^ d)^^^ a, D = Ig {mod 2), B , C = {mod 2m) 

Let <dg ■- GL{g,7j) and for a positive integer let 

(1.5) eg{N) ={76 GL{g, Z)\-f = Ig (mod A^) } . 



2. The Symplectic Group 

For a given fixed positive integer g, we let let 

Sp{g,R) = { Af e R^^a^^g) | tujgM = Jg } 
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be the symplectic group of degree g. 

If M = ^ j e Sp{g, R) with A,B,C,D€ R'^s,9) ^ then it is easily seen that 

(2.1) A^D-B^C = Ig, A^B = B^A, C^D = D*C 
or 

(2.2) ^AD-^CB^Ig, ^AC^^CA, ^BD = *DB. 
The inverse of such a symplectic matrix M is given by 

We identify GL{g,R) ^ Sp{g,R) with its image under the embedding 

A Cartan involution 9 of Sp{g,R) is given by 9{x) = JgX J~^, x e Sp{g,M.), in other words, 

The fixed point set if of is given by 

^ = {(i l)^Spi9,m]. 
We may identify K with the unitary group U (g) of degree g via 

Let 

be the Siegel upper half plane of degree g. Then Sp{g,R) acts on Mg transitively by 

(2.4) M-n = {An + B)(cn + Dy'^, 

where M = e Sp^gjR) and ft eWg. The stabilizer at ilg is given by the compact 

subgroup K = U{g) of Sp{g,R). Thus Mg is biholomorphic to the Hermitian symmetric 
space Sp{g,M.)/K via 

Sp{g,R)/K — >mg, xK ^ x-{ilg), xiSp{g,M.). 

We note that the Siegel modular group Tg of degree g acts on properly discontinuously. 

Now we let 



(2.5) 



We define the involution t Sp{g^R) — > Sp{g,R.) by 

(2.6) t{x):= hxh, x€Sp{g,R). 
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Precisely r is given by 

(") ic d)'{-c 'd)' (c 

Lemma 2.1. (1) t(x) - x, x € Sp{g,M) if and only if x € GL(g,M). 

(2) tO = Ot. So t{K) = K. 

(3) If A+ iBeU{g) with A, B ^ then t{A + iB) ^ A - iB. 

Proof. It is easy to prove the above lemma. We leave the proof to the reader. □ 

We note that r : Sp{g,M) — > Sp(g,M.) passes to an involution (which we denote by the 
same letter) r : Mg — > Mg such that 

(2.8) T{x-n) ^ T{x)T{n) for anx€Sp{g,R), n^Mg. 

In fact, we can see easily that the involution r : Mg — > Mg is the antiholomorphic involution 
given by 

(2.9) T{n) ^-n, ne Mg. 

Its fixed point set is the orbit 

iVg= GL{g,m)-{iIg)cC^s,9) 

of GL{g,M.), where 

■Pg = { y e M^s''^) I y = *y > } 

is the open convex cone of positive definite symmetric real matrices of degree g in the 
Euchdean space M5(9+i)/2_ 

For X e Sp{g,M) and 0, 6 Mg, we define the set 

(2.10) M™:^ {l7eEIg I r(n)= -n} 

be the locus of x-real points. If F c Sp{g,M.) is an arithmetic subgroup of Sp{g,M.) such 
that t(F) = F, we define 

(2.11) Mf:^[jMl\ 

■yeT 

Lemma 2.2. Let x e Sp{g,R) and M^ be the set of points in Mg which are fixed under the 
action of x. Then the set Mg ^iVg is a proper real algebraic variety of iVg if x t ±Ig e 
GL{g,R). 

Proof. It is easy to prove the above lemma. We omit the proof. □ 



3. Real Abelian Varieties 

In this section we review basic notions and some results on real principally polarized 
abehan varieties (cf. P EH EH [Ml El] ) . 

Definition 3.1. A pair (21,5) is said to be a real abelian variety if ^ is a complex abelian 
variety and S is an anti-holomorphic involution of 21 leaving the origin of 21 fixed. The set 
of all fixed points of S is called the real point of (21, 5) and denoted by (21, 5')(M) or .simply 
2l(M). We call S a real structure on 21. 
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Definition 3.2. (1) A polarization on a complex abelian variety 21 is defined to be the 
Chern class ci{D) e //^(Sl,^) of an ample divisor D on 21. We can identify if^(2l,Z) with 
A^H^{%^)- We write 21 = V/L, where V is a finite dimensional complex vector space and 
L is a lattice in V . So a polarization on 21 can he defined as an alternating form E on 
-L s -ffi(2l, Z) satisfying the following conditions (El) and (E2) : 

(El) The Hermitian form H --V xV — > C defined by 

(3.1) H{u,v) - E{iu,v) + i E{u,v), u,v€V 

is positive definite. Here E can he extended M-linearly to an alternating form on V . 
(E2) E{L X L) c Z, i.e., E is integral valued on L x L. 

(2) Let (2t, S) he a real abelian variety with a polarization E of dimension g. A polarization 
E is said to be real or S-real if 

(3.2) E{S,{a),S,{b)) ^ -E{a,b), a, 6 e //i(2l, Z). 

Here ■ i^i(2l,Z) — > 7/1(21, Z) is the map induced by a real structure S. If a polarization 
E is real, the triple (2t, E', 5) is called a real polarized abelian variety. A polarization E on 
21 is said to be principal if for a suitable basis (i.e., a symplectic basis) o/ffi(2t, Z) = L, it 
is represented hy the symplectic matrix Jg (cf. see Notations in the introduction). A real 
abelian variety (21, S) with a principal polarization E is called a real principally polarized 
abelian variety. 

(3) Let (21, i?) be a principally polarized ahelian variety of dimension g and let {oj | 1 < i < 
2g} he a symplectic basis of Hi(^,Z). It is known that there is a basis {wi, w^} of the 
vector space i7^(2l, Q^) of holomorphic 1-forms on 21 such that 

uji^- {Q.,Ig) for some Q ^Mg. 

The g x2g matrix {0,,lg) or simply 0, is called a period matrix for (21, i?). 

The definition of a real polarized abelian variety is motivated by the following theorem. 

Theorem 3.1. Let (21,5) be a real abelian variety and let E be a polarization on 21. Then 
there exists an ample S-invariant (or S-real) divisor with Chern class E if and only if E 
satisfies the condition (3.2). 

Proof. The proof can be found in [261 Theorem 3.4, pp. 81-84]. □ 

Now we consider a principally polarized abelian variety of dimension g with a level struc- 
ture. Let be a positive integer. Let (21 = C^/L,E) be a principally polarized abelian 
variety of dimension g. From now on we write 21 = C^/L, where L is a lattice in C^. A 
level N structure on 21 is a choice of a basis {Ui,Vj} (1 <i,j< g) for a A'^-torsion points of 21 
which is symplectic, in the sense that there exists a symplectic basis {ui,Vj} of L such that 

Ui = (modL) and Vj = ^ (modL), 1 <i,j < g. 

For a given level A^ structure, such a choice of a symplectic basis {ui,Vj} of L determines 
a mapping 

F : ® — ^ 
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such that ® Z^?) = L by F(ej) = Ui and F{fj) = Vj, where {ej,/j}(l < < g) is 

the standard basis of ©M^. The choice {ui,Vj} (or equivalently, the mapping F) will be 
referred to as a lift of the level N structure. Such a mapping F is well defined modTilo the 
principal congruence subgroup Tg{N), that is, if F' is another lift of the level structure, 
then F' o F'^ e Tg{N). A level N structure {Ui,Vj} is said to be compatible with a real 
structure S on (21, E') if, for some (and hence for any) lift {ui,Vj} of the level structure, 

s(^)E-^(modL) and 5 (^) e ^ (modL), 1<^,J<9. 

Definition 3.3. A real principally polarized abelian variety of dimension g with a level N 
structure is a quadruple A = {^,E,S,{Ui,Vj}) with 21 = C^/L, where {^,E,S) is a real 
principally polarized abelian variety and {Ui,Vj} is a level N structure compatible with a 
real structure S. An isomorphism 

A= i^,E,S,{Ui,Vj}) = {^',E',S',{UiV^'})=A' 

is a complex linear mapping (p : — * such that 

(3.3) ct>{L) = L', 

(3.4) ME) = E', 

(3.5) (p^(S) = S' , that is, (p o S o (p^^ = S' , 

(3.6) (modi') and e ^ (modL'), l<i,j<g. 

for some lift {ui,Vj} and {u^,Vj} of the level structures. 

Now we show that a given positive integer N and a given Q e BI„ determine naturally a 
principally polarized abelian variety {^q,Eq) of dimension g with a level N structure. Let 
£"0 be the standard alternating form on ® with the symplcctic matrix Jg with respect 
to the standard basis of © M^. Let Fq:R^ ® — > be the real linear mapping with 
matrix (O,/^), that is. 



(3.7) Fn\^]--=nx + y, x,y€ 



We define Eq := {Fn),{Eo) and Ln := Fq,{1.3 ®lJi) . Then (2lf2 = ^PjL^^E^) is a principally 
polarized abelian variety. The Hermitian form Hq^ on corresponding to Eq, is given by 

(3.8) = *«(ImO)-^i;, E^^l^H^, u,i;eC^. 

\iz\,---,Zg are the standard coordinates on C^, then the holomorphic 1-forms dzi,---, dzg have 
the period matrix ($1, Ig). If {ei,fj} is the standard basis of M^eM^, then {Fn{ei/N), Fn{fj/N)} 
(mod Lfi) is a level structure on (21q, £'n), which we refer to as the standard N structure. 
Assume that fli and are two elements of Mg such that 

V' : = a/Ln„En,) (21^2 = C^Ln^En,) 

is an isomorphism of the corresponding principally polarized abelian varieties, i.e., '^{Lq^) = 
Lq^ and ip^^En^) = Eq^. We set 
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Then we see that h^Tg. And we have 

(3.9) h-n2^ {An2 + B){cn2 + Dy^ 

and 

(3.10) tp{Z) ^ \cn2 + D)Z, ZeC^. 

Let e such that j-Q - r(ri) = -0 for some 7 = e T^. We define the mapping 

Sy,n : C9 — > C9 by 

(3.11) s^,Q{z):^\cn + D)z, z^a. 

Then we can show that S^^q is a real structure on (^UjEq) which is compatible with 
the polarization Eq (that is, E^{Sry^Q(u), Sj^^{v)) - -Eq{u,v) for all u,v € C^). Indeed 
according to Comessatti's Theorem (see Theorem 3.1), S^^q{Z) - Z, i.e., S^^n is a complex 
conjugation. Therefore we have 

Eq{S^^q{u) , S.y^n{v)) = Eq{u,v) = -En{u,v) 

for all u,v €C^. From now on we write simply ctq = Sy^n. 

Theorem 3.2. Let (2t, -E, 5) be a real principally polarized abelian variety of dimension g. 
Then there exists = X + iY ^ such that 2X e Z^^'^^ and there exists an isomorphism 
of real principally polarized abelian varieties 

{%E,S) = {^n,En,an), 

where ctq is a real structure on 2ln induced by a complex conjugation a ■ — > . 

The above theorem is essentially due to Comessatti [6]. We refer to [251 [26] the proof 
of Theorem 3.2. 



Theorem 3.2 leads us to define the subset of Mg by 
(3.12) {f) eMg I 2ReO eZ^^^'f) }. 

Assume Q, = X+ iY € J^g. Then according to Theorem 3.2, (2to, £"0, ctq) is a real principally 
polarized abelian variety of dimension g. The matrix Mu for the action of a complex 
conjugation a on the lattice = OZ^ + Z^ with respect to the basis given by the columns 
of (r2,/g) is given by 



(3.13) 
Since 




the canonical polarization Jg is cj-real. 

Theorem 3.3. Let 0, and 0,^ be two elements in J^g. Then 0, and 0,* represent (real) 
isomorphic triples (21, cr) and (21*, cr*) if and only if there exists an element A e 
GL(g,Z) such that 

(3.14) 2Ren^ ^ 2A{Ren)^A {mod 2) 
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and 

(3.15) ImQ.^^ A{Im^)*A. 

Proof. Suppose (21, E, a) and (21*, E*,a*) are real isomorphic. Then we can find an element 
(A B\ ^ 

= {AQ. + B){C^ + D)-'^. 

The map 

if : C^/Lf^, = 2ln, ^ 2lf2 = C^Ln 

induced by the map 

^:C^^C^, Z^\C^ + D)Z 

is a real isomorphism. Since (p o a* = it o ^, i.e., ^ commutes with complex conjugation on 
C», we have C = 0. Therefore 

(ylO + S)U= (AXU + B*y4) + zyiyU, 

where = X + zF. Hence we obtain the desired results (3.14) and (3.15). 

Conversely we assume that there exists A e GL{g,Z) satisfying the conditions (3.14) and 

(3.15) . Then 

= -y-n^ {An + B)^A 

for some 7 = t^-ij ^ with B e Z'^S'S) with B^A= A*B. The map V = 2ln — > 2ln, 
induced by the map 

is a complex isomorphism commuting complex conjugation a. Therefore ■0 is a real isomor- 
phism of (21, -Ejd) onto (21*, -E*, cj*). □ 

According to Theorem 3.3, wc arc led to define the subgroup F* of Tg by 

(3.16) r;:= ij^^ijer, I ^*S=su|. 

It is easily seen that T* acts on properly discontinuously by 

(3.17) ■ = AVL^A + B% 



A B 

where 7 = | ^ I ^ ^ ^ 



4. Moduli Spaces for Real Abelian Varieties 



In Section 3, we knew that F* acts on M'g properly discontinuously by the formula (3.17). 
So the quotient space 

a>r9 ._ Y*\ ^ 
"^M '~ g 

inherits a structure of stratified real analytic space from the real analytic structure on ,3^^. 
The stratified real analytic space iX^l classifies, up to real isomorphism, real principally 
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polarized abelian varieties (21, E, S) of dimension g. Thus is called the (real) moduli 
space of real principally polarized abelian varieties (21, -E, 5") of dimension g. 

To study the structure of we need the following result of A. A. Albert [1]. 

Lemma 4.1. Let S'g(Z/2) be the set of all g g symmetric matrices with coefficients in 
Z/2. We note that GL{g,Z/2) acts on Sg{Z/2) by N ^ AN^A with A e GL{g, Z/2) and 
N€Sg{Z/2). We put 

Tr{N) n(l - Ukk) for N = (n,,) e Sg{Z/2). 

k=l 



Then N e S'g(Z/2) is equivalent mod GL((7,Z/2) to a matrix of the form : 
OJ 



W In^ nl if T^{N)^{) andrank{N)^\ 



or 



(II) 







/O ■ 


• 1\ 


with Hx ■- 




a ■ 


• 0, 



7(A,A) -J ^ ^ rank{N) = A. 



N e Sg{Z/2) is said to be diasymmetric in Case (I) and to be ortho symmetric in Case 
(II). 

Theorem 4.1. Let (21, he a principally polarized abelian variety of dimension g. Then 
there exists a real structure S on % such that E is S-real if and only if (2t, -B) admits a 
period matrix of the following form 

{lg,^M-,iY), Y^Vg, 

where M is one of the forms (I) and (II) in Lemma 4-I- 

The above theorem is essentially due to Comessatti [6]. We refer to [25] or [261 Theorem 
2.3, pp. 78-80 and Theorem 4.1, pp. 86-88] for the proof of the above theorem. 

Lemma 4.2. Let ili and Q2 be two elements of J^g such that 

ni^lXi+ iYi, Mi e Z^9,9) Yi €Vg, 1,2. 
2 

Then Qi and have images, under the natural projection iTg ■ J^g — > 

same connected component of if and only if rank (Mi mod 2) = rank{M2mod2) and 

7r(Mi mod 2) = 7r(M2 mod 2). 

Theorem 4.2. is a real analytic manifold of dimension g{g + l)/2 and has g + 1 + [|] 
connected components. Moreover is semi- algebraic, i.e., is defined by a finite 
number of polynomial equalities and inequalities. 

Proof. The proof can be found in |2H Theorem 6.1, p. 161]. □ 

Remark 4.1. Let n ^ \M + iY ^ M'g with M ^ ^M € Z^9'9\ If rank {M mod 2) = A, then 
2lo(M) has 2^^^ connected components (cf. |21l [25] ). The other invariant -K{M2mod 2) is 
an invariant related to the polarization. 
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Recall that by Lemma 4.1, the connected components of correspond to the different 
possible values of (A, i) = (rank (M mod 2), 7r(M mod 2)) on which we have the restriction : 

(4.1) < A < 5, i = or 1, and i = if A is odd, i = 1 i/ A = 0. 

We denote by the connected components of corresponding to the invariants (A, i). 

Definition 4.1. Let M e Z^^'^^ be a g x g symmetric integral matrix. We say that M is 
of the standard form if M is of one of the forms in Lemma 4-1 (we observe that for fixed 
(A,i) this form is unique). 

Now we can prove the following. 

Lemma 4.3. Let M e Z^^'^^ be a symmetric integral matrix which is of the standard form 
with invariants (A,i). Let 

^(A i)- { ^ ^ '^^(f ' ^) I ^M^A = M {mod 2) } . 

Then 

- ^ (A,i) \' 9- 

Proof. Let be a class in .y By Lemma 4.1 and Lemma 4.2, there exist a symmetric 

integral matrix M e Z^^'^^ with invariants (A, i) of the standard form and an element Y €Vg 
such that |M + iY is a representative for the class [il]. If Y^ e Vg is such that + iY^ 
is also a representative for the class [f]], according to Theorem 3.2, 

M = AM*A {mod 2) and Y^^AY^A 
for some A e GL{g,Ij). □ 
Theorem 4.3. is a connected semi- algebraic set with a real analytic structure. 

Proof. The proof can be found in |2H p. 160]. □ 

Let (21, E, S) be a real polarized abelian variety and -5 be the real structure obtained 
by composing S with the involution z i — > -z of 21. We see that (21, £',-5) is also a 
real polarized abelian variety. In general (21, £^,-5") is not real isomorphic to (21, £',5). 
Therefore the following correspondence 

(4.2) ^■■■K-^ -^R ' (21, S) ^ (21, E, -S) 
defines a non-trivial involution of X^. 

Let M e Z*^^'^^ be a symmetric integral matrix which is of the standard form with invari- 
ants (A,i). It is easily checked that - M. We put 

(") ^--[-(["u-) m)- 

It is easy to see the following facts (4.4) and (4.5). 

(4.4) ^M^^9 and (Sm)"' - -Sa/. 
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Now we assume that ft - |M + iY € J^g represents {'Qi,E,S). By (3.13), the matrices of S 
and -S are given by 

(4.6) Afc = (],^ ») a,.d M_s-{_'l, 4) 

respectively with respect to the R-basis given by the columns of (0,,lg). By the formulas 
(4.5) and (4.6) we see that SAf(Jl) represents the real polarized abelian variety. 

Lemma 4.4. Let M e Z^^'^^ be a symmetric integral matrix which is of the standard form 
with invariants (A,i) and Y e Vg. Then we have 

,4.7) E„(iM.,r)aM.,f„'^ 

Proof. Using the fact that = M, by a direct computation, we get 

(4.8) Sm(^M+ iy) = M{lg + M^y^ + i{lg-^M^)Y-\lg + M^y\ 

It is easily checked that 

The formula (4.7) follows immediately from (4.8) and (4.9). □ 

Proposition 4.1. The map S : — > defined by 

(4.10) S([(2l,^,5)]) [(2l,i?,-5)], [i%E,S)] e 

is a real analytic involution of . For each connected component , we have 

V ( ^3 \ - <9^^ 
^ I (A,i)y ~ (A,j)' 

Hence T, leaves the connected components of globally fixed. 

Proof. Let M e Z^^'^^ be a symmetric integral matrix which is of the standard form with 
invariants (A,i). We denote by M'g{M) the connected component of M'g containing the 
matrices of the form \M + iY € J^g with Y e Vg. According to (4.5) and Lemma 4.4, we see 
that T,M defines an involution of J^(M). Since J^(M) is mapped onto ,3^^^ .y we obtain 
the desired result. □ 



5. Compactifications of the Moduli Space 



In this section we review the compactification of obtained by R. Silhol [27] and 
the Baily-Borel compactification of Tg(4:m)\Mg which is related to the moduli space of real 
abelian varieties with level 4m structure. 

First of all we recall the Satake compactification of the Siegel modular variety Ag ■- 
Tg\Mg. Let 

(5.1) := { 1^ e C^^'^' I W^^W, Ig- WW > } 
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be the generalized unit disk of degree g which is a bounded reahzation of H^. In fact, the 
Cayley transform : — Mg defined by 

(5.2) ^g{W):^ i{lg+W){lg-W)-\ W^Bg 

is a biholomorphic mapping of Dg onto Mg which gives the bounded reahzation of Mg by Dg 
[Ml pp. 281-283]. The inverse ^g of ^g is given by 

(5.3) -^gin) ^ {n-ilg){n+ ilgY^, QeMg. 
We let 

' la la 



^ V2 



aig llg 



be the 2g x 2g matrix represented by Then 



Indeed, if M e Sp{g,M.), then 

T-^MT^\— ^1 
\Q Pj' 

where 

(5.4) P^]^{{A + D)+i{B-C)} 
and 

(5.5) Q^\{{A-D)-i{B + C)}. 
For brevity, we set 

G,^T-^Sp{g,M.)T. 
Then is a subgroup of SU{g,g), where 



SU{g,g)^{h,C('^''^^\'hIg,gh^Ig,g}, ^.^^Q^ 

In the case 5 = 1, we observe that 

T-^Sp{l,R)T - T-^SL2{R)T = SU{1, 1). 
If (7 > 1, then is a proper subgroup of SU{g,g). In fact, since ^TJgT - -iJg, we get 

= {/le 5C/(5,5)| *hJgh^Jg]. 

Let 

^^"{({? f ) I ^= 
be the P^'^-part of the complexification of G* c SU{g,g). 

Since the Harish-Chandra decomposition of an element Ijr ^ ) in G{ is 



Q P \0 I, 
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the P^-component of the following element 



(f I)' "'^"^ 



of the complexification of G{ is given by 



Ig (PW + Q)iQW + P)-^ 

Ig 

We note that QP ^ e D^. We get the Harish-Chandra embedding of into P^ (cf. ^ 



p. 155] or [191 pp. 58-59]). Therefore we see that acts on transitively by 

,Q P 



(5.6) Qyw^{PW + Q)iQW + Pr\ (^^],G.,W^ 



The isotropy subgroup at the origin o is given by 



K 



P 6 U{g) 



Thus G^/K is biholomorphic to Bg. The action (2.4) is compatible with the action (5.6) 
via the Cayley transform (5.2). 

In summary, Sp(g,M) acts on transitively by 
(5.7) ^yW^{PW + Q)(QW + Pr\ ^ySp{g,R),WeBg, 



where P and Q are given by (5.4) and (5.5). This action extends to the closure B^ of B^ in 
C9(5+i)/2. 



For an integer s with < s < g, we let 



(5.8) ^s-- \W 



(Wi \ 

lO Ig-sj 



We say that is the standard boundary component of degree s. If there exists an element 
7 e Sp{g,Q_) (equivalently 7 e T^) with ^ = 7(=^s) c Bg, then ^ is said to be a rational 
boundary component of degree s. The Siegel upper half plane Ms is attached to Mg as a 
limit of matrices in C^^'^^ by 



meaning that all the eigenvalues of Y converge to 00 . 

For a rational boundary component ^ c B^, we let 

P(^) = { a e Sp{g, Q) | a(^) = ^ } 

be the normalizer in Sp{g,Q) of ^ (or the parabolic subgroup of Sp{g,Q) associated to 
^) and let 

Z{^) = { a e Sp{g, Q) | a{W) for all e ^ } 
be the centralizer of We put 

G(^) P{^)/Z{^) ^ Sp{s,q). 
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Obviously acts on ^ . We choose the standard boundary component ^ = An 

element 7 of P(^) is of the form 

I Ax >(■ \ 

* u * * 
Ci L>i * 



(5.9) 



V *?x"V 



where 



7i = (^J ^'Je.SKs,Q) and u^GL{g-s,^). 
The unipotent radical U {^) of P{^) is given by 



(5.10) 



f //, V \ 

-*A 

Ig-s) 

and the centralizer Zu{^) o{U{^) is given by 

(Is \ 

(5.11) Zu{^) - 



-s,s) 



-s,ff-s) 



/g-. K 



0/^0 

t\0 Ig-sl 

We have inclusions of normal subgroups 

Zui^) c U{^) c P(^) 
The Levi factor L{^) of P(^) is given by 
(5.12) L(^)= G^(^)GK=^) 

with 

( /Ai Pi \ 



-s,g-s) 



(5.13) 



and 



(5.14) 



Gft(J^) = 








I9- 









Ci 









\ 






























s 
















Is 


















eP(^) 



Ml Pi\ 
\Ci D^l 



€Sp{s,Q) 



eP(J?) 



S€GL(g-s,( 



The subgroup ?7(^)Gfe(^) is normal in P(^). The map P(J^) — > Sp{s,Q), 7 71 
is surjective and induces the isomorphism Ghi'^s) = Sp{s,Q). Wc note that the map / : 

P(^s) i~i Sp{g,Z) — y Sp{s,Z), 7 >-> 71 is obtained via 

if 7e P(=^s), then 



W, in the sense that 



7 



(W \ /7i(W^) \ 
1^0 Ig-sl~\ 
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We define 

0<s<g 

and 

% ■■= u 

rational 

where ^ runs over all rational boundary components. Via the Cayley transform $g 
(cf. (5.2)), we identify 

Bf = Mf = U M,. 

0<s<g 

Definition 5.1. Let u> \. We denote by Wg(u) the set of all matrices Q = X + iY in Mg 
with X - (xij) € M^^'f) satisfying the conditions (01) and (r22) : 

(ill) \xij\ < u ; 

(Q2) ifY= *WDW is the Jacobi decomposition of Y with W = (wij) strictly upper trian- 
gular and D = diag{di,---,dg) diagonal, then we have 

\wij\<u, l<udi, di<udi+i, i = l,---,g-l. 

It is well known that for sufficiently large u> 0, the set Wg{u) is a fundamental set for 
the action of Fg on Mg, that is, Tg ■ Wg{u) = Mg, and 

{j^Tgl -fWg{u)nWg{u)^0} 



IS a 



finite set. We observe that if J2 = [^^j e ^giu) with Qi e C^^'*), then e Ws{u). 

Definition 5.2. We can choose a sufficiently large uq> such that for allO < s < g, Ws(uq) 
is a fundamental set for the action ofTg on Mg. In this case we simply write = 2IJs(mo) 
with < s < g. We define 

0<s<g 

For e Wg-r, we let U be a neighborhood of Vt^ in Wg-r and v a positive real number. 
For < s <r, we let Ws{U,v) be the set of all 

n = j € Wg-s with € c^^-'"'^-'') 

satisfying the conditions (2U1) and (2IT1) : 
(2IJ1) ni^U; 

(2IT2) if Y - ^WDW is the Jacobi decomposition of Y with W strictly upper triangular 
and D - diag(di,---,dg) diagonal, then we have d^-r+i > "v. 

A fundamental set of neighborhoods of fi* e Wg-r for the Satakc topology on 211* is given 
by the collection {\Jo<s<rWs{U,v) }'s, where U runs through neighborhoods of in Wg-r 
and V ranges in M"^. We regard 



an* c mf s Bf 



as a subset of B*. 



The Satake topology on B* is characterized as the unique topology extending the 
ordinary matrix topology on B^ and satisfying the following properties (ST1)-(ST4) : 
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(STl) j7 induces on 2IJ* the topology defined in Definition 5.2 

(ST2) Sp{g^ Q) acts continuously on D* ; 

(ST3) A*g - Tg\p*g is a compact Hausdorff space ; 

(ST4) For any Q e B*, there exists a fundamental set of neighborhoods {[/} of $7 such that 
7 = if 7 e Tg{^) := {7 e Tg | 7 • O = 17 }, and 7 ■ C/ n [/ = if 7 ^ Tg{Vt). 

For a proof of these above facts we refer to [4]. 

Now we are ready to investigate the compactification of the moduli space 1%^^ of real 
principally polarized abelian varieties of dimension g obtained by R. Silhol. 

Definition 5.3. Let u>l. We let Fg{u) be the set of all - X + iY € J^g with X - ReVL - 
(xij) satisfying the following conditions (a) and (h) : 

(a) Xij - or ; 

(h) if Y - *WDW is the Jacobi decomposition of Y with W strictly upper triangular and 
D - diag{di,---,dg) diagonal, then we have 

\wij\<u and 0<di<udi+i. 

We define Fg(u) to be the set of matrices in J^g satisfying the condition \xij\ < ^ and the 
above condition (b). Let uq > be as in Definition 5.2. We put 

Fg-.^ FgiUo). 

Lt is well known that Fg is a fundamental set for the action ofT* on J^g. 

For two nonnegative integers s and t, we define two subsets ^s,t and Fs^t of B* as follows. 









(-Is 





0\ 




(5.15) 









w 













[ 





It) 





and 









(-Is 





0\ 




(5.16) 


Fs,t ■ 







w 













[ 





It) 





W&F, 



g-(s+t) 



For MeZ^f'^'), we set 



Fm {^^Fg \ 2Ren^ M }. 
In particular, Fq - {Q e Fg\ He ft = }, where denotes the g x g zero matrix. We let 

M-^ { M = {mij) e Z^^''^) | M = *M, m^- = or 1 } . 

For any M € Ai, we set 



B 



M 



By the definition we have 



Fg- U Bm{Fo) 



and 



^Sp{g,Q). 



Fg- U Bm{Fo). 

MeM 



We can show that J^g - T* ■ Fg. 
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Now we embed J^g into D* via the Cayley transform (5.2). We let be the closure of 
in B*. Then the action of F* extends to an action of F* on M'g (see (3.16), (3.17), (ST2)). 
R. Silhol proved that the quotient space r*\j^ is a connected, compact Hausdorff space 

(cf. [27l pp. 173-177]). Let vr : — > T*\J^g be the canonical projection. For M e Ai, we 
define 

We let Jif M be the closure of J^m in =^ • Then without difficulty we can see that 

(5.17) r;\Wg^ U U {^{BMi^s,t) uJ^o)) , 

0<s+t<g MeM 

Let {c^l 1 < i < N} with N - g + 1 + [|] be the connected components of c T*\J^g 
and let Sj be the restriction to of the fundamental involution S (cf. Proposition 4.1). 
We note that S does not extend to a global involution of T*\J^g. But Sj extends to an 
involution of the closure of in T*\J^g. We observe that for each 1 < i < A^, we have 
'Wi = T;{Mi)\J^M, for some € M. Here F;(Mi) = {7 ^ F; | 7(^mJ = ^Af, } • 

Definition 5.4. Lei zi e and Z2 e VKe say that zi and Z2 are T,-equivalent and 

write zi ~ Z2 z/Ili(zi) = T.j{z2). 

Silhol [271 P- 185] showed that ~ defines an equivalence relation in T*g\J^g. 
By a direct computation, we obtain 





1 Vl 


















* 










Bi 


* 




* 


* 


U2 


-U21 


* 


* 








-U12 


Ui 


* 


* 
















* 


















V2 1 



where 



and 



Ai Bj 



U 



Now we define 
(5.18) 

It is easily checked that 



e Sp{g - r, Q) with r - s + t 

\V12 V2 ) 



\U21 U2 ) 



-1 



f; n P(^,,t) = F 



g-(s+t) 



and t i~i =^ 



2^ 



We define 
(5.19) 



Silhol \n\ Theorem 8.17] proved the following theorem. 
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Theorem 5.1. is a connected compact H aus dor jj space containing J^-^ as a dense open 
subset. As a set, 

0<s+t<g 

We recall that H* denotes the Satake partial compactification of Mg that is obtained 
by attaching all rational boundary components with the Satake topology. We know that 
Sp{g,Q.) acts on M*, the involution r : Mg — > Mg (cf. (2.9)) extends to M* and r(a • x) - 
r(a)r(x) for all a e Sp{g,Q) and x eM*. 

Let = 4m with m a positive integer. We write 

X{N) rgiN)\Mg and V{N) rgiN)\M;. 

We let 

(5.20) TTBB ■■ V{N) = r3(iv)\Ei; 

be the canonical projection of M* to the Baily-Borel compactification of X(N). The invo- 
lution r passes to complex conjugation r : V{N) — > V{N), whose fixed points we denote 
by y(A^)]R. Obviously the r-fixed set 

X{N)r:^ {xeX{N)\T{x)^x} 

is a subset of V{N)j^. We let X{N)^ denote the closure of X{N)m. in V{N)]^. 

Theorem 5.2. There exists a natural rational structure on V{N) which is compatible with 
the real structure defined by r. 

Proof. It follows from Shimura's result [22] that the rg(A^)-automorphic forms on Mg are 
generated by those automorphic forms with rational Fourier coefficients. □ 

If 7 e Tg(N) and is a rational boundary component of M* such that t(^) - we 
define the set of 7-real points of =^ to be 

(5.21) {xe^l t(x) = 7-x}. 
Then ttbb{-^^^) c V{N)^. 

Definition 5.5. Let N = 4m. A T g{N)-real boundary pair (^,7) of degree s consists of a 
rational boundary component ^ of degree s and an element 7 e Tg(N) such that ^'^'^ it 0. 
We say that two T g{N)-real boundary components (^,7) and {^^,^^) are equivalent if the 
resulting loci of real points irBBi-^^^) - '^bb{'^1^) coincide. 

We observe that if (^,7) is a rp(A^)-real boundary pair and if a e Tg{N), we see that 
t(^) = 7(=^) and (q;(^), r(a) 7 a"^) is an equivalent rg(A^)-real boundary pair. 

Fix a positive integer s with 1 < s < g. We define the map : Ms — > H* by 

(5.22) $(J7i)= ^hrn^^^^ l^i e M,, y e 

Obviously $(E[s) = is the standard boundary component of degree s (cf. (5.8)). 
Let 
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be the projection to the quotient. It is easily seen that z^^ commutes with r. Therefore 
is preserved by r. The set 

is the set of r-fixed points in and may be canonically identified with Vs- We denote 
by ilg its canonical base point. Then is attached to so that the cone ^{iVg^ is 
contained in the closure of the cone iVg. 

Proposition 5.1. Let (^,7) he a T g{N)-real boundary pair of degree s. Then there exists 
7* e Tg such that ^^{^s) - 3^ and 



Moreover, we may take B - 0, i.e., there exist 7' e rg(4m) and 70 e Tg so that ^'^^ - 
■^''^^ loi'^s) = and so that 

■^(7o)"S'7o = e ker(i/^). 

Proof. The proof can be found in [9l pp. 19-21]. □ 
As an application of Proposition 5.1, we get the following theorem. 

Theorem 5.3. Let m > 1 be a positive integer. Let ^ be a proper rational boundary 
component o/H^ of degree g - 1. Let 7 e Tg^Am) such that 

^'^^ = { X e ^ I r(x) = 7 • X } * 0. 
Then ^'^^ is contained in the closure o/H^^"*-'^'"^ in M*, where 

j^rTgiAm) ^ | ^ g jj^ | ^(j^) ^ _^ ^ ^ . ^ ^^^^ ^ g Tg{Am) } 

denotes the set of Tg(4m)-real points ofMg. 

Proof. The proof can be found in ^ pp. 23]. n 

Theorem 5.4. Let k be a positive integer with k>2. Let (^,7) be a Tg(2^)-real boundary 
pair. Then there exists 71 e Tg{2'') such that ^'^'^ - 3^'^^^ and ^'^'^ is contained in the 
closure Ip" o/M^^ in Wg. 

Proof. The proof can be found in [9l pp. 23-26]. □ 

We may summarize the above results as follows. The Baily-Borel compactification 
V{N) - rg(A^)\EI* with N - Am is stratified by finitely many strata of the form iTBBi^), 
where ^ is a rational boundary component. Each such strata is isomorphic to the standard 
rational boundary component = Hs- The stratum t^bb{^) is called a boundary stratum 
of degree s. Let V{NY denote the union of all boundary strata of rank g - r. We define 

V{N)l:^ V{NynV{N)^. 

According to Theorem 5.4, we have 

V{N)l u V{N)i c X{N)^ c y(iV)M, 



where X{N)'^ denotes the closure of X{N)^ in V{N). 
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6. Polarized Real Tori 

In this section we introduce the notion of polarized real tori. 

First we review the properties of real tori briefly. We fix a positive integer g in this 

section. Let T = M^/A be a real torus of dimension g, where A is a lattice in M^. T has a 
unique structure of a smooth (or real analytic) manifold such that the canonical projection 
p : — ). J" is smooth (or real analytic). We fix the standard basis {ei, eg} for R^. We 
see that A = IIZ^ for some 11 e GL(g,M). A matrix 11 is called a period matrix for T. Let 
CI - {z e C\ l^l = 1} be a circle. Since T is homeomorphic to CI x ••• x CI (^'-times), the 
fundamental group is 

7ri(r) s 7ri(Cn X ... X 7ri(Cn S Z^. 

We see that 

HkiT,Z) s Z«'^'= s H''(T,Z), k = 0,l,-,g 

and 

H*(T,Z) s /\H^(T,Z) 

Thus the Euler characteristic of T is zero. The mapping class group MCG{T) is 

MCG(T) = Aut(7ri(T)) = Aut(Z^) = GL(g,Z). 

It is known that any connected compact real manifold can be embedded into the Euclidean 
space with large d. Thus a torus T can be embedded in a real projective space P^(M). 
Any connected compact abelian real Lie group is a real torus. Any two real tori of dimension 
g are isomorphic as real Lie groups. We easily see that if 5 is a connected closed subgroup 
of a real torus T, then S and T/S are real tori and T ^Sx T/S. 

Let T = V/A and T' = V'/A' be two real tori. A homomorphism ^ : T — >■ T' is a real 
analytic map compatible with the group structures. It is easily seen that a homomorphism 
(j) : T — > T' can be lifted to a uniquely determined M-linear map $ : V — > V' . This yields 
an injective homomorphism of abelian groups 

Ta ■ Hom(r,T') HomM(l^, V'), </> ^ 

where Hom(T, T') is the abelian group of all homomorphisms of T into T' and Hom]R(y, V') 
is the abelian group of all R-linear maps of V into V . The above Tq is called a real analytic 
representation of Hom(T, T'). The restriction $a of <I> to A is Z-linear. $a determines $ 
and (f) completely. Thus we get an injective homomorphism 

:Hom(r,r') ^Homz(A,A'), i-^ #a, 

called the rational representation of Hom(r,T'). 

Lemma 6.1. Let 4> '• T — >■ T' be a homomorphism of real tori. Then 

(1) the image Imcf) is a real suhtorus ofT'; 

(2) the kernel kercp of (j) is a closed subgroup ofT and the identity component (ker(f))o of 
kercj) is a real subtorus ofT of finite index in kercp. 

Proof. It follows from the fact that a connected compact abelian real Lie groTip is a real 
torus. Since ker^ is compact, keicf) has only a finite number of connected components. □ 
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A surjective homomorphism (p : T — T' of real tori with finite kernel is called a real 
isogeny or simply an isogeny. The exponent e(^) of an isogeny cj) is defined to be the 
exponent of the finite group ker (j), that is, the smallest positive integer e such that e- x = 
for all X 6 ker 0. Two real tori are said to be isogenous if there is an isogeny between them. 
It is clear that a homomorphism (p : T — > T' is an isogeny if and only if it is surjective and 
dimT = dimT'. We can see that if F c T is a finite subgroup, the quotient space T/T is a 
real torus and the natural projection pr ■ T — >■ TjV is an isogeny. 

For a homomorphism ^ : T — > T' of real tori, we define the degree of ^ to be 

^ ^ J ord (ker (p) if ker is finite ; 
1 otherwise. 

Let T = V jh. be a real torus of dimension g. For any nonzero integer n e Z, we define 

the isogeny n^ '■ T — > T by nxix) n-x for all x € T. The kernel T{n) of ht is 
called the group of n- division points of T. It is easily seen that r(n) = {Z/nZf because 
kerriT = = A/nA s (Z/nZ)^. So degnr = n^. 

We put 

HomQ(r,r') Hom(r,T') 02 Q 

and 

End(r) Hom(r, T), EndQ(r) End(r) ®z Q. 
For any a e Q and (f) e Hom(r, T'), we define the degree of a e HomQ(r, T') by 

deg(a(/)) := degcf). 

Lemma 6.2. For any isogeny cp '• T — > T' of real tori with exponent e, there exists an 
isogeny ip : T' — * T, unique up to isomorphisms, such that ip o (f) = er and cpoip = ct' • 

Proof. Since ker^ c kerer, there exists a unique map ip : T' — > T such that ip o cp - er- It 
is easy to see that -0 is also an isogeny and that ker ip c ker e^' ■ Therefore there is a unique 
isogeny <p' : T' — > T such that (p' oip = ex'. Since 

(p' o eT = (p' ° ° (p ~ ^T' ° <p = <p° ex 

and eT is surjective, we have ^' = (p. Hence we obtain ipo (p = ex and (poip = er'- □ 

According to Lemma 6.2, we see that isogenics define an equivalence relation on the set 
of real tori, and that an element in End(r) is an isogeny if and only if it is invertible in 
EndQ(r). 

For a real torus T = V/A oi dimension g, we put V* := Hom]K(y,M). Then the following 
canonical M-bilinear form 

( , )t-V* xV ^R, {e,v)T ■■= £{v), i€V\ V€V 

is non-degenerate. Thus the set 

A:= {£€V*\ {£,A)t^Z} 

is a lattice in V* . The quotient 

f := V*/A 
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is a real torus of dimension g which is called the dual real torus of T. Identifying V with the 
space of M-linear forms V* — > M by double duality, the non-degeneracy of ( , )t implies 
that A is the lattice in V dual to A. Therefore we get 

Let (p ■ ^1 — ^2 be a homomorphism of real tori with Tj = Vi/Ai(i - 1,2) and with 
real analytic representation $ : Vi — > V2. Since the dual map : V^* — > V-^ satisfies the 
condition $*(A2) £ Ai, <I>* induces a homomorphism, called the dual map 

If "0 ■ ^2 — ^ ^3 is another homomorphism of real tori, then we get 

O (f) - 00-0. 

If (/) : Ti — > T2 is an isogeny of real tori, then dual map (p ■ ^2 — ^ ^1 is also an isogeny. 



Definition 6.1. A real torus T - M^/A with a lattice A in is said to be polarized if the 

the associated complex torus 21 = C^/L is a polarized real abelian variety, where L - + i A 
is a lattice in C^. Moreover if ^ is a principally polarized real abelian variety, T is said to 
be principally polarized. Let $ : T — > 21 be the smooth embedding of T into 21 defined by 

(6.1) ^{v + A):^iv + L, v€R3. 

Let £ be a polarization of that is, an ample line bundle over 2t. The pullback $*£ is 
called a polarization of T . We say that a pair (T, $*£) is a polarized real torus. 

Example 6.1. Let Y € Vg he a g x g positive definite symmetric real matrix. Then 
Ay = is a lattice in M^. Then the g'-dimensional torus Ty - M^/Ay is a principally 

polarized real torus. Indeed, 

2ty = C^/Ly, Ly + iAy 

is a princially polarized real abelian variety. Its corresponding hermitian form Hy is given 

by 

HYix,y) = EYiix,y) + iEY{x,y) = ^xV'^y, x,y e C^, 

where Ey denotes the imaginary part of Hy- It is easily checked that Hy is positive definite 
and Ey{Ly x Ly) c Z(cf. [17, pp. 29-30]). The real structure cry on 2ty is a complex 
conjugation. 

^/sj ^ 2x2 symmetric real matrix of signature (1,1). 

Then Aq - Ql? is a lattice in R^. Then the real torus Tq - M^/Ag is not polarized because 
the associated complex torus 21q = C'^/Lq is not an abelian variety, where Lq -1? + iAq 
is a lattice in C^. 

Definition 6.2. Two polarized tori T\ - M^/Ai andT^ - M^/A2 are said to be isomorphic if 
the associated polarized real abelian varieties 2ti = C^/Li and 2t2 = C^/L2 are isomorphic, 
where Lj = Z^ + iAj (i = 1,2), more precisely, if there exists a linear isomorphism (p ■ 



POLARIZED REAL TORI 



25 



£9 — ^ £3 such that 

(6.2) V'(Li) = L2, 

(6.3) ip^Ei) = ^2, 

(6.4) '/'^(f^i) = o cji o (^"^ = 0-2, 

where Ei and E2 are polarizations of 2ti and 2I2 respectively, and cti and (T2 denotes the 
real structures ( in fact complex conjugations ) on 2ti and 2I2 respectively. 

Example 6.3. Let Yi and Y2 be two 5x9 positive definite symmetric real matrices. Then 
Ai := YiZS is a lattice in (i = 1,2). We let 



be real tori of dimension g. Then according to Example 6.1, Ti and T2 are principally 
polarized real tori. We see that Ti is isomorphic to T2 as polarized real tori if and only if 
there is an element A e GL(g,X) such that Y2 - AYi ^A. 

1. Let Ty = R^/Ay be a two dimensional principally 

polarized torus, where Ay = YZ,'^ is a lattice in M?. Let Tq be the torus in Example 6.2. 
Then Ty is diffeomorphic to Tq. But Tq is not polarized. Ty admits a differentiable 
embedding into a complex projective space but Tq does not. 

Let Y € Vg he a, g X g positive definite symmetric real matrix. Then Ay = yz^ is a 
lattice in R^. We already showed that the (7-dimensional torus Ty = R^/Ay is a principally 
polarized real torus (cf. Example 6.1). We know that the following complex torus 

2ly = C^/Ly, Ly + iAy 

is a princially polarized real abelian variety. We define a map <I>y : Ty — > 2ly by 

<I>y(a + Ay) := ia + Ly, a £ R^. 

Then $y is well defined and is an injective smooth map. Therefore Ty is smoothly embedded 
into a complex projective space and hence into a real projective space because 2ly can be 
holomorphically embedded into a complex projective space (cf. [17, pp. 29-30]). 

Let 2t = C^/L and 2t' - /L' be two abelian complex tori of dimension g and dimension 
g' respectively, where L (resp. L') is a lattice in (resp. ). A homomorphism / : 21 — > 
21' lifts to a uniquely determined C-linear map F ■ — > . This yields an injective 
homomorphism 

Pa ■■ Hom(2t,2l') Homc(C9,C^^') = C^^'s), f F ^ pa{f). 

Its restriction F\l to the lattice L is Z-linear and determines F and / completely. Therefore 
we get an injective homomorphism 

p,:Hom(2l,2l')^Hom2(L,L'), f ^ F\l. 

Let n € C^^'^^^ and H' e C^^'^^'-* be period matrices for 21 and 21' respectively. With respect 
to the chosen bases, Pa{f) (resp. Pr{f)) can be considered as a matrix in C^9,g) ^resp. 
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^(2ff >2g)j -yy^g have the following diagram: 

Pr-(/) PaU) 

V 

that is, by the equation 

Pa(/)ff = n'pr(/). 

Conversely any two matrices A e C^^'^^ and R e Z^^^' '^^^ satisfying the equation ^11 = Il'i? 
define a homomorphism 21 — 21'. 

For two real tori T\ and T2 of dimension g\ and dimension (72 respectively, we let 
Ext(r2, Ti) be the set of all isomorphism classes of extensions of T2 by T\ up to real analytic 
isomorphism. Since any two real tori of dimension g\ + are isomorphic as real analytic 
real Lie groups, Ext(T2,Ti) is trivial. This leads us to consider polarized real tori T\ and 
T2 with Ti ^ Ri^'/Ai {i = 1,2). Here Aj is a lattice in RS^ for i = 1,2. Let 2li and 2I2 be the 
polarized real abelian varieties associated to Ti and T2 respectively, that is, 

21, = C^'/U, U = + A,Zf% ?; = 1,2. 

Let Ext(r2,ri)pt be the set of all isomorphism classes of extensions of 2I2 by 2li. We can 
show that a homomorphism ^ : 2I2 — >■ 2I2 such that 2I2 is the real abelian variety associated 
to a polarized real torus T2 induces a map 

(6.5) (P* : Ext(r2,ri)pt Ext(r2',ri)pt 

and that a homomorphism ip : 2li — > 21^ such that 21^ is the real abelian variety associated 
to a polarized real torus r{ induces a map 

(6.6) V* : Ext(r2,ri)pt Ext(r2,ri')pt. 

Indeed, if 

(6.7) e: 0^2li^2l^2l2^0 

is an extension in Ext(T2, ri)pt, the image 0*(e) is defined to be the identity component of 
the kernel of the homomorphism Cp^ip : 21 x 2t2 — > 2I2 defined by 

Cp,ct>(x, y) := p(x) - 4>{y), X e 21, y e 2l2- 

The dualization of the exact sequence (6.7) gives an element e e Ext(2li, 2t2). We define 



(6.8) ^.(e) V (e) e Ext(r2,T0pt = Ext(2l2, 2i;). 

Therefore Ext( , )pt is a functor which is contravariant in the first and covariant in the 
second argument. 

We can equip the set Ext(T2,ri)pt with the canonical group structure as follows : Let e 
and Co be the extensions in Ext(T2,ri)pt which are represented by the exact sequence (6.7) 
and the following exact sequence 

eo : — > 2li — > 2t« ^ 2t2 ^ 0. 

The product e x is represented by the exact sequence 

e X Co : ^ 2ti X 2li — > 21 x 2to — ^ 2I2 x 2I2 ^ 0. 
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If A : 2I2 — 2I2 X 2I2 is the diagonal map, x 1 — *■ (x, x), x e 2I2 and fi-TixTi — > Ti is the 
addition map, {s,t) 1 — s + i, s,t € 2li, the sum e + Co is defined to be the image of e x eo 
under the composition 

Ext(T2 X r2,ri X ri)pt ^ Ext(r2,ri x rOpt ^ Ext(r2,ri)pt, 

that is, 

(6.9) e + Co := /i*A*(e X 60). 

We can show that Ext(T2,Ti)pt is an abehan group with respect to the addition (6.9) 
(cf. 0). 

Now we describe the group Ext(T2,Ti)pt in terms of period matrices. First we fix period 
matrices Hi and 112 for Ti and T2 respectively, that is, Aj = IljZ^' for i - 1,2. We know that 
Hi e GL(gi,M) for i = 1,2. To each extension 

e: 0— ^21— ^212^0 

in Ext(T2, Ti)pt, there is associated a period matrix for 21 of the form 



(6.10) 



R2)' n, = (/,„n,)for.= l,2, a.d^^'^^'l 



Conversely it is obvious that for any a e C(si.2s2)^ the matrix of the form (6.10) is a period 
matrix defining an extension of 2I2 by 2ti in Ext(T2, Ti)pt. 

Lemma 6.3. Let a and a' be elements in C^si,'^a2)_ Suppose that Hi and II2 are period 
matrices for polarized real tori Ti and T2 respectively. Then the period matrices 



n,, = 1^ ~J and U^, = \^ ~J , n, = {Ig,,U,) for i = 1,2 

define isomorphic extensions 0/2I2 by 2li in Ext(T2,Ti)pt if and only if 
(6.11) a' ^ a + UiM + AU2 

with some 

Proof. Let and H^' define isomorphic extensions e and e' of 2I2 by 2ti : 
e: 0^2li^ 2t ^212^0 

II 1/ II 

e' : — ^ 2li ^ 2t' 2I2 — > 

Then we have the following commutative diagram : 

^2gi+2g2 ^'^ ^ £91+92 



PrU) 



PaU) 



Therefore there are A e C^^^^'^^) ^nd M e z^^^^i'^^^) that satisfy the following equation 
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We obtain the equation (6.11) from the equation (6.12). 

Conversely if we have a and a' in C^^^'^^^ satisfying the equation (6.11), then we see easily 
that Her and 11^' define isomorphic extensions of 2I2 by 2ti . 



□ 



Proposition 6.1. Let a and a' be elements in C^^^'^^^-*. Suppose that Hi and II2 are period 
matrices for real tori Ti and T2 respectively. Assume that the following period matrices 

U2j 

define extensions e and e' 0/2I2 by 2li in Ext{T2,Ti)pt. Then the period matrix 



i) n^' = C'o' C)' n. = (/.„n,) fori = 1,2 



/Hi (t + (t'\ 
[0 U2 I 



defines the extension e + e' in Ext{T2,Ti)pt. 
Proof. We denote 

Then we have the extensions 

e: 0^2li^2l^2l2^0 

and 

e' : O^Sli^ 21' ^212^0 
in Ext(T2; ri)pt. The complex torus 2lx2t' defined by the extension exe' in Ext(2t2x2l2,2lix 
2li) is given by the period matrix 

/ffi J) a \ 
fii ^ a' 
Ha ^ 
Ha/ 

Let A : 2I2 — >■ 2I2 X 2I2 be the diagonal map. Then we have the induced map A* : Ext(2l2 x 
2l2,2li X 2li) Ext(2l2,2li X 2ti). If 

A*(e X e') : ^ 2li x 2li ^ S ^ 2I2 ^ 

is given, the complex torus S is given by a period matrix of the form 



□1 = 



\ 



a 



/Hi ^ 

□2 = Hi 15 

^0 n2/ 

with a e C^^^'^^^) ^nd /? e C^^i'^^^)^ Tj^g homomorphism 

Ext(2l2 X 2l2,2li X 2li) Ext(2l2,2li x 2li), e x e' A*(e x e') 
corresponds to a homomorphism S 1 — ^ 21 x 21' of real tori given by the equation 



□ 1 
























M2 









A2 








^292 












\ 









[0 





I 92/ 



D2. 
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Thus we have the equations 

a = a + HiMi - A1U2 and /? = a' + U1M2 - A2U2. 

According to Lemma 6.3, 

/fii 0- \ 

fii a' 
^0 n2> 

is also a period matrix for S respectively A*(e x e'). We denote 

e + e' : ^ 2li ^ OS ^ 2I2 ^ 0. 

A period matrix for *B is of the form 



"^-(o n 



T e 



^(91,92) _ 



The homomorphism /j:^ : A*(e x e') 1 — > e + e' defines a homomorphism S ' — > *B which is 
given by the equation 

with A e and M e jp'9^-,'^92) _ Comparing both sides in the equation (6.13), we obtain 

T = G + u' - HiM + Mi2- 

According to Lemma 6.3, we see that 

~ /Si a + a'\ 

= i n J 

is a period matrix for 53, respectively e + e'. n 

Let ri,r25ni,n2,ni,n2,a, ct'iHo- and Ho-/ be as above in Proposition 6.1. We note that 
the assignment 

induces a surjective homomorphism of abelian groups 

(6.14) $ni,n2 : C^^^'^^^) Ext(T2,ri)pt. 

According to Lemma 6.3, we see that the kernel of <l>ni,n2 is given by 

ker$ni,n2 = HiZ^^^i'^^^) + c^^i'^^)^^. 
Obviously the homomorphism $ni n2 depends on the choice of the period matrices Hi and 

n2. 

Proposition 6.2. Let T\ and T[ he polarized real tori of dimension g\ and dimension 

g[ with period matrices Hi and Il[ respectively. Let T2 and T2 be polarized real tori of 
dimension g2 and dimension g'2 with period matrices II2 o.nd I\'2 respectively. Then 
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(a) for a homomorphism f : — 2I2 such that Slg is the polarized real abelian variety 
associated to a polarized real torus Tg, the following diagram 



■PrU) 



Ext(T2,Ti)pt 

r 



c(9i.292) % Ext(r2',ri) 



pt 

commutes and 

(h) for a homomorphism h : 2li — > 21^ such that 21^ «s the polarized real abelian variety 
associated to a polarized real torus T[, the following diagram 

*ni.n2 



^(91,292) 
Pa{h) 
(^(9^292) 



Ext(r2,ri)pt 
Ext(r2,r0pt 



commutes. 



Proof, (a) For an extension e e Ext(r2,Ti)pt we choose cr e C^^'^'^^^) ^j^h $ni,n2(<'') = e and 
a' e with $ni,n^(<'"') = We see that the following diagram with exact rows 



r(e) : 



2li 



21' 
21 



1/ 
2I2 








e : ^ 2li — 
commutes. Thus cr and a' are related by the equation 

^ ' [0 Pa{f))[0 IL'J-[o U^jy prif)) 

with A e and M e Z^^^^'^^a). Comparing both sides in the equation (6.15). we get 

a'= a -Prif) + HiM-An^. 
According to Lemma 6.3, we have 

*ni,n^(^') = ^u,,u',((r-Pr{f)) = f*(e). 
This completes the proof of (a) . 

(b) For an extension e<, e Ext(T2,Ti)pt we choose a<, e C^^^'^^^^ with $ni,n2(o'<>) = and 
a'^ e (C(fl'i'292) ^*n'^,n2(<''o) = ^*(eo). We see that the following diagram with exact rows 

Co : — > 2li — y 2lo — ^ 2I2 — ^ 

1^ 1^* II 

e : ^ 2t'i 21; ^ 2I2 ^ 

commutes. Thus cTo and o"^ are related by the cqTiation 

(K <\lpr{h) MA (pa{h) AA/U, aA 
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with e C^9'i'9'2) and Mo € 'iP'9'i''^9'i) . Comparing both sides in the equation (6.16). we get 

a\ = pa{h) ■ (To + A^U2 - n'lMo. 
According to Lemma 6.3, we get 

/i*(eo) = /i*($ni,n2(o-«)) = ^n[,U2iPa{h) ■ a^). 
This completes the proof of (b) . □ 
Corollary 6.1. For e e Ext(r2,Ti)pt and n e Z, we have 

^ajCe) = n-e = (n2ii)*(e). 

Proof. We consider the foUowing commutative diagram : 

c(9i.2s2) ^^H^ Ext(r2,ri)pt 



■Pr{n^2) 



□ 



C(ffi.292) ^^^ii^ Ext(r2,Ti)pt 
Since pr{n<^2) - ^-^292) we get 

("2i2)*(e) = $ni,n2(?^<7) = n-$ni,n2(o-) = n-e. 
By a similar argument, we get 

(n2ii)*(e) = n-e. 
Proposition 6.3. We have an isomorphism of abelian groups 

Proof. Let a = {ai,a2) e C^-^^'^^^^ with ai,a2 e C^^^'^^^ corresponding to the extension 
e = ^ni,n2(c) ^ Ext(r2,ri)pt. By Lemma 6.3, the matrix 

a - aiU2 = (0-1,(72) - cri(/g2, 112) = (0, 0-2 - fTin2) 

corresponds to the same extension e. This shows that every extension in Ext(T2,ri)pt 
can be represented by a matrix a = (0,a) with a e C^^^'^^^. Hence we get a surjective 
homomorphism of abelian groups 

c(5i,92)^Ext(r2,ri)pt. 

According to Lemma 6.3, the matrices a and a' e C^^^'^^^ define the same extension if and 
only if 

(0.17) (0,.-a') = n,(*2 m:)-^H^ 

with ^JJ^ jJJ^j 6 z(2ffi'2ff2) and A e C^9i,92)_ the equation (6.17) we get 

A = -Ml - BiMa. 
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Thus we have 

a-ol = II1M4 - niM3U2 + M2 ~ M1U2 



This completes the proof of the above proposition. □ 



7. Line Bundles over a Polarized Real Torus 

Before we investigate complex line bundles over a real torus, we need a knowledge of 
holomorphic line bundles on a complex torus. We briefly review some results on holomorphic 
line bundles on a complex torus. 

Let X - C^/L be a complex torus, where L is a lattice in C^. The exponential sequence 
— > Z — > Ox — >■ Ox — >■ 1 induces the long exact sequence 

> H^{X,Z) H^(X,Ox) H^{X,0*x) ^ H^(X,Z) - 

We recall that the Neron-Severi group NS{X) (resp. Pic^{X)) is defined to be the image 
of ci (resp. the kernel of ci). For a hermitian form H on whose imaginary part Eh '■= 
lm(H) is integral on L x L, a semi-character for H is defined to be a map a : L — >■ is 
defined to be a map such that 

We let Hcr(L) be the set of all hermitian forms on whose imaginary parts are integral 
on L X L. For any H e Her(L), we denote by SC{H) the set of all semi-characters for H. 
To each pair {H,a) with H e Her(L) and a e SC{H), we associate the automorphic factor 
JH,a -.LxCS^C* defined by 

(7.1) JH,a(^,^) := a(Oe^^(^'^)+'^^(^'^), e€L,z€a. 
A lattice L acts on the trivial line bundle x C on freely by 

(7.2) e ■ (z, = {z + e, JH,a{i, z)0, ^ e L, z e C e C. 
The quotient 

(7.3) £.{H,a):= (C^ x C)/L 

obtained by the action (7.2) of L has a natural structure of a holomorphic line bundle over 
X. We note that for each such pairs (i?i,ai) and (H2,a2), we have 

JHi,ai- JH2,a2 ^ JHi+H2,aia2 and £(iJi , Oi ) (g) £(7^2 , "2 ) = -^(-H'l + ^^2, "1 "2 ) • 

Let <B(L) be the set of all pairs iH,a) with H e Her(L) and a € SC{H). Then <8(-L) has 
a group structure equipped with multiplication law 

(Hi,ai) ■ iH2,a2) = iHi + H2,aia2), //ieHer(L), € SC(i?i), « = 1,2. 
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Appell-Humbert Theorem says that we have the fohowing canonical isomorphism of exact 
sequences 

Hom(L,Ci*) Q5(L) NS(X) 



id 



CL 

Pic°(X) Pic{X) NS{X) 

Here /?l : — * Pic{X) = H^{X, Ox) is the group isomorphism defined by 

PL{{H,a)) := il{H,a), {H,a) € *B(L) 

and cl is the isomorphism induced by I3l- It is known that NS{X) is a free abehan group 
of rank p{X) < , where p{X) is the Picard number of X. By Appell-Humbert Theorem, 
NS{X) is realized in several ways as follows : 

NS{X) = Pic{X)/Pic°{X) ^ ci{h\X,0*x)) 

= { : X ^ C hermitian, lm{H){L x L) c Z} 

= {E:C^xC^ — >R alternating, E{L x L) g Z, E{i-, ■) symmetric } . 

Let X = Pic^{X) be the dual complex torus of X. There exists the holomorphic line 
bundle ^ over X x X uniquely determined up to isomorphism, the so-called Poincare 
bundle satisfying the following properties (PBl) and (PB2) : 

(PBl) ^\xxL = L for all L e X, and 

(PB2) .^||o}xx is trivial on X. 

We can see that H9{X, ^)=C and ^) = for ah q^g. 

Let T\ - V/A he a real torus of dimension g, where y = is a real vector space of 
dimension g and A is a lattice in V. Let p : A — > C* be a character of A. Let B :VxV — > M 
be a real valued symmetric bilinear form on V. We define the map Ib,p -AxV — > C* by 

(7.4) /B,p(A,t;) = p(x)e''Bix,x) + 2nB(v,x)^ X € A, v € V, rj € C. 
It is easily checked that Ib,p satisfies the following equation 

^s,p(Ai + A2,t') = Ib,p(^iA2 + v)Ib,p{X2,v), Ai,A2eA, v^V. 
Then A acts on the trivial line bundle V x C over V freely by 

(7.5) A • (v, rj) ^ {v + A, /b,p(A, v)r]) , X€ A, v €V, r] €C. 
Thus the quotient space 

(7.6) L{B,p) = {VxC)/A 

has a natural structure of a smooth (or real analytic) line bundle over a real torus Ta- 

Lemma 7.1. Suppose B '.V xV — > M is a positive definite bilinear form on V. We define 
the function 9b,p '■ V — * C by 

(7.7) BbA^) = Y.Pi^y^^'''^^^'^^''^''^^'''^^ v^V- 

AeA 

Then map Q B,p '• V — x C defined by 

(7.8) ObA^) = (^'^bA^))^ 
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defines a smooth (or real analytic) global section of the line bundle L(B,p). 

Proof. For any A 6 A and v eV, we have 

ObA^ + v) = ^p(^)-ie--B(/^'/^)-2--B(A+t,,M) 

= p(A)e'^'^^'^''^^"^^'^^^"''^^ ^ p(;^ + ^)-lg-'rB(A+;i,A+/i)-27rB(i;,A+iu) 

= lB,p{X,v)eB,p{v). 

Therefore Qs.p is a smooth global section of L{B,p). n 

Lemma 7.2. Suppose B -V — > M is a positive definite bilinear form on V . Assum^e B 
is integral on Ax A, that is, B(A x A) c Z. Then for any character p : A — > C, the function 
fB,p -V — »■ C defined by 

(7.9) fsA^) = ^p(A)e-'^-^(^'^)^2'^^-^('''^), v€V 

AeA 

is invariant under the action of A. Therefore fB,p may be regarded as a function on T\. 
Proof. It follows immediately from the definition. □ 

We see that 

La= Z» + zAcC^ 
is a lattice in C^. We consider the complex torus 

Ta = C^/La. 

We define the R-Unear map : C» x C» — >R and : C» x C» — >Rhj 

(7.10) Sb(x, y) = B{xi, yi) + B(x2, ^2) 
and 

(7.11) EB{x,y) = B{x2,yi) - B(xi,y2), 

where X - xi + ix2 € and y - yi + iy2 ^ with xi,X2,yi,y2 e M^. It is easily seen that 
Sb is symmetric and Eb is alternating. We note that SBix,y) = EB(ix,y) for all x,y € C^. 
We define the hermitian form Hb : x — > C by 

(7.12) HB{x,y):= SB{x,y) + iEBix,y), x,yeC». 

Moreover we assume that Eb is integral on L^x L^. Let a : La — > CI be a semi-character 
of La for Hb such that 

Then the mapping JB,a • LaxC^ — > C* defined by 

(7.13) JB,a(A2) = a(£)et^s(AO+TffB(^,^)^ ^sLa, zeC» 

is an automorphic factor for La on C^. Clearly La acts on the trivial line bundle x C 
over freely by 

(7.14) e-{z,0 = {£ + Z,JB,a{^^^)0, £€La, Z^a, ^€C. 

The quotient 

&iB,a) := (C»xC)/La 
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of X C by La has a natural structure of a holomorphic line bundle over a complex torus 

In summary, to each pair {B,a) with s symmetric R-bilinear form i? on ^ such that Eb 
is integral on L\ x La and a semi-character a for Hb there is associated the holomorphic 
line bundle £(5, a) over 1\. 

We assume that B is non-degenerate of signature (r, s) with r + s - g. Then the hermitian 
form Hb is also non-degenerate of signature (r, s). Moreover we assume that Eb is integral 
on La X La- Under these assumptions, Matsushima [T5] proved that the cohomology group 
H'^{lA,^iB,a)) - for ah g * s and that H'^{lA,^iB,a)) is identified with the complex 
vector space of all C°° functions / on satisfying the following conditions : 

(a) / is a differentiable theta functions for the automorphic factor JB,a namely we have 

f{i + z) = JBA^^z)f{z)^ ^^La, z^a, 

(b) ^ = for ah i e {l,2,---,r} and 

df 

— +7rzif^0 for all z e {r + 

dzi 

where (zi,---,Zg) is the coordinate of determined by a privileged basis of for the 
hermitian form Hb- We can show that the cohomology group i7^(TA, £(-6, a)®^) defines a 
smooth embedding of Ta into the projective space P'^(C) withd+l^dimH'{lA,£{B,a)®^) 
which is holomorphic in zi,---,Zr and anti-holomorphic in Zr+i,---,Zg (cf. [15j and [17J). 

We consider the canonical semi- character 7a,b of La defined by 
(7.15) 7a,b(k+ a) e"^-^s('''*^), k 6 A e A. 

Then ja,b defines the holomorphic line bundle £(B,ja,b) over a complex torus Ta- For 
any z e Ta we denote by the translation of Ta by z. Let tta '■ — > Ta be the natural 
projection. Then there exists an element ca,_b,q of such that 

(7-16) £(S,a) = r;^(,^^^)£(S,7A,B). 

CA,B,a is called a characteristic of the holomorphic line bundle S,(B,a). We refer to [13] for 
detail. 

Now we let Ta = be a polarized real torus of dimension g. Its associated polarized 
real abelian variety 

21a = C^/La, LA = Zf+iA 

admits a positive definite hermitian form Ha on whose imaginary part Im (^^a) is integral 
on A X A (cf. [m p. 35]). We write 

HA{x,y) = SA{x,y) + iEA{x,y), x,yeC^, 

where Sa and L'a are the real part (resp. imaginary part) of Ha respectively. We know 
that 5a is a real valued symmetric bilinear form on V and L'a is a real valued alternating 
bilinear form on V . Let a a ■ La — C]]" be a canonical semi-character of La defined by 

(7.17) aA(^J+ «A) e'^*^^''''*^), k e , A e A. 
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We let JHA,aA ■ ^ — C* be the automorphic factor for A on y that is canonically 
given by 

(7.18) JHA,aA{<i,z) = aA(£)ei^*(^'^)^-^*(^'^), I^La, z^a. 
Obviously L\ acts on x C freely by 

i-{z,0 = {i + z, JHA,aA^,z)^), ULa, z€a, ^eC. 
So the quotient space 

(7.19) £(//A,aA):= (Cf xC)/La 

has a natural structure of a holomorphic line bundle over an abelian variety 21a. 
Now we define the map $a ■ ^A — SIa by 

(7.20) ^>a(v + A) := + La, v^R^^ 

$A is a well defined injective mapping. It is well known that H'^(^\,£,(H\,aA)) - for 
all g ^ and that the space of global holomorphic sections of £,{H\,a\)^"' for any positive 
integer n > 3 give a holomorphic embedding of 21a as a closed complex manifold in a 
projective complex manifold P'^(C) (cf. [17, pp. 29-33]). Therefore we have a differentiable 
embedding of Ta into a complex projective space P'^(C) and hence into a real projective 
space P^(M) with large enough > 0. 

We will characterize the pullback L^oa) ■- ^aS.{Ha, a\). We first define the automorphic 
factor : A X Rf ^ C* by 

(7.21) /„^(A,f) aA(iA)et^A(^'^) + -^A(^,A)^ A e A, 6 R^. 

This automorphic factor I^^ yields the smooth (or real analytic) line bundle over Ta which 
is nothing but the pullback L(a\). We observe that if is a holomorphic theta function 
for £{HA,aA), then the function fg ■ R^ — > C defined by fe{v) ■- 0{iv), f e R^ defines a 
global smooth (or real analytic) section of L(qa). 

Now we will show that a holomorphic line bundle £(ilA,ctA) over 21a naturally yields a 
smooth line bundle over a polarized torus Ta. Let Ba be the restriction of Sa to R^ x R^. 
First we define the automorphic factor /b^.c^a ■ A x R^ — > C* by 

(7.22) /b^,„^(A,?;) aA(2iA)e"^^(^'^' + 2"^^(^'^\ A e A, e R^'. 
This automorphic factor /^^^^^(Ajf) yields a smooth line bundle 

(7.23) L{Ba, oa) X C)/A 

over a polarized real torus Ta- Since Ba is positive definite, according to Lemma 4.1, the 
space r(TA, L(i?A, oa)) of smooth (or real analytic) global sections of L{Ba, oa) is not zero. 
If -Ba is integral on Ax A, according to Lemma 4.2, we see that the function /a,oa ■ — ^ 
defined by 

AeA 

is a function on Ta. 

So far we have proved the following. 

Theorem 7.1. Let Ta - V/A be a polarized real torus of dimension g. Then there is a 
smooth line bundle L(i?A,aA) over Ta which is constructed canonically by (7.23). 
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Example 7.1. Let Y ^ Vg he a, g y. g positive definite symmetric real matrix. Then 
Ay = VL^ is a lattice in MP . Then the ^'-dimensional torus Ty - M^/Ay is a principally 
polarized real torus. Indeed, 

2ty = C^/Ly, Ly ^ + i hy 

is a princially polarized real abelian variety (cf. Example 6.1). Its corresponding hermitian 
form Hy is given by 

Hy{x,y) = Sy{x,y) +iEy{x,y) ^ ^xY'^y, x,yeC^, 

where Sy and Ey denote the real part and the imaginary part of Hy respectively. Let 
a : Ly — > CI be a semi-character of Ly. To a pair (Hy,a) the canonical automorphic 
factor Jy^a ■ Ly x — > C is associated by 

JY,a\l'^Z) - a[i)e2 , l€Ly, Z€C^. 

The associated automorphic factor ly^a ■ Ay x M.^ — > C* is given by 

Iy,a{\v) = a(2a)e"*^^"'^ + 2-'''^"'\ A 6 Ay, veR^. 
We get the associated line bundle 

L{By,a) = (Mf X C)/Ay 

given by ly^a, where By is the restriction of Sy to xR^. Then the function Oy ^ ■ — C 
defined by 

AeA 

yields a smooth global section of L(By,a) over a real torus Ty. The canonical semi- 
character ay of Ly is given by 

ay{K +iX) ^ g-^i*«y-^A^ ^^^g^ ^ g 



8. Moduli Space for Principally Polarized Real Tori 

We have the natural action of GL(g,M.) on Vg given by 

(8.1) A*Y^AY% AeGL{g,R), Y €Vg. 

We put <dg - GL{g,'L) (see Notations in the introduction). The fundamental domain 
for &g\Vg which was found by H. Minkowski ^16j is defined as a subset of Vg consisting 
of y = (yij) e Vg satisfying the following conditions (M.1)-(M.2) (cf. pj^ p. 191] or [HI 
p. 123]): 

(M.l) aY^a > y^k for every a - (cj) e in which ak,---,ag are relatively prime for 
k^l,2,-,g. 

(M.2) yfc,fc+i>0 for A: = l,-,g-l. 

We say that a point of ^ig is Minkowski reduced or simply M-reduced. 9\g has the following 
properties (R1)-(R6): 

(Rl) For any Y € Vg, there exist a matrix A e GL(g,Z) and R e 9\g such that Y - 
R[A] (cf. [TT, p. 191] or fU', p. 139]). That is, 

GL{g,Z)o9\g^Vg. 
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(R2) y{g is a convex cone through the origin bounded by a finite number of hyperplanes. 
mg is closed in Vg (cf. [H p. 139]). 

(R3) If Y and Y[A] lie in 9\g for A e GL(g, Z) with A ±1^, then Y lies on the boundary 
d9\g of^g. Moreover 9Kgn{9\g[A]) t for only finitely many A e GL{g,Z) (cf. [H P- 139]). 

(R4) If y = iVij) is an element of 9\g, then 

yii < 2/22 <•■•< 2/99 and < for 1 < i < j < 5. 

We refer to [11, p. 192] or [H pp. 123-124]. 
For Y = (yjj) e P^, we put 

= (dyij) and = | — ^ j . 

For a fixed element A e GL(g,M), we put 

Then 

(8.2) dn^Ady*^ and -^^U-^^A^^ 

ay* ay 

We consider the following differential operators 

(8.3) ^''^''{{^w) )' 

where a{M) denotes the trace of a square matrix M. By Formula (8.2), we get 

d V . d 



for any A e GL(g,M.). So each is invariant under the action (8.1) of GL(g,M.). 
Selberg [20] proved the following. 

Theorem 8.1. The algebra D(Vg) of all differential operators on Vg invariant under the 
action (8.1) of GL(g,M) is generated by Di,D2,---,Dg. Furthermore Di,D2,---,Dg are al- 
gebraically independent andI]){Vg) is isomorphic to the commutative ring C[xi,X2,---,Xg] 
with g indeterminates xi,X2,---,Xg. 

Proof. The proof can be found in [14^ pp. 64-66]. □ 
We can see easily that 

ds'^ = aiiY-^dYf) 

is a G-L((^, M)-invariant Riemannian metric on Vg and its Laplacian is given by 
We also can see that 

dfig{Y) = (dety)-^n%i 

i<j 
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is a GL((7,R)-invariant volume element on Vg. The metric ds^ on Vg induces the metric 
ds^ on Minkowski [16j calculated the volume of fHg explicitly. 

Vg parameterizes principally polarized real tori of dimension g. The Minkowski domain 
y{g is the moduli space for isomorphism classes of principally polarized real tori of dimension 
g. According to (R2) we see that 9^^ is a semi-algebraic set with real analytic structure. 
Unfortunately does not admit the structure of a real algebraic variety and does not 
admit a compactification which is defined over the rational number field Q. We see that 
d\g is real analytically isomorphic to the semi-algebraic subset St^^^ of We define the 
embedding $g : Vg — > M'g by 

(8.4) ^g{Y)^iY, Y^Vg. 
We have the following inclusions 

Vg^iVg ^ J^g ^UgC . 

0g acts on Vg and iVg, T* acts on and Tg acts on and H*. It might be interesting 
to characterize the boundary points of the closure oiiVg (or Vg) in H* explicitly. In Section 

5 we reviewed Silhol's compactification of which is analogous to the Satake-Baily- 
Borel compactification. The theory of automorphic forms on 9^^ has been developed by 
Selberg [20], Maass [H] et al past a half century. According to Theorem 5.1, 3t^^ is a 
connected compact Hausdorff space containing as an open dense subset of 3t^^. But 
does not admit an algebraic structure. 

For any positive integer h^lj^ , we let 

(8.5) GLg,,, GL(5,M) xM^'^'f) 

be the semi-direct product of GL((7,R) and M^'^'^' with the multiplication law 

(8.6) {A,a)-{B,h) ^ {AB,a^B-^ + h), A,BeGL{g,R), a,beR^^^s)^ 

Then we have the natural action of GL„ ^ on the Minkowski-Euclid space Vg X Rf^'S) defined 
by 

(8.7) iA,a)-iY,0 - {AY%iC + a)'A), iA,a) € GLg^h, Y € Vg, C ^^^''''^ ■ 
For a variable {Y, V)€VgX R^^^'^^ with Y €Vg andV € M^^-f), we put 

dY^{dy^u), dV^{dvki), 

[dY]^Yldy^,, [dV]^Yldvki, 

fi<y k,l 

and 

_d_ ^ + v d \ _d_ ^ I d \ 
dY \ 2 dy,,,]' dv \dvj' 

where 1 < fijU, I < g and 1 < k < h. 
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Lemma 8.1. For all two positive real numbers A and B, the following metric ds^ ^.^ ^ on 
Vg X M^'^'f) defined by 

(8.8) dslf^.A^B^ Aa{Y-^dYY-^dY) + B a{Y-^\dV) dV) 

is a Riemannian metric on Vg x M.^^'^) ujhich is invariant under the action (8.7) of GLg^^. 
The Laplacian Ag^h;A,B of {Vg x R^^'^), ds"^ ^.^ is given by 

Moreover Ag b "is a differential operator of order 2 which is invariant under the action 
(8.7) ofGLg[h. ' 

Proof. For a fixed element {A, a) e GLg^h-, we set 

{Y\V*)^{A,a)-{Y,V). 

Then 

Y* ^ AY^A, V*^{V + aYA. 

The first statement fohows immediately from the fact that 

dY* ^ AdY^A and dV* = dV^A. 

Using the formula (13) in [8^ p. 245], we can compute the Laplacian Ag^h;A,B of {Vg x 
M^'*'^\ ds^gh-AB)- '^^^ ^^^^ statement follows from the fact that 

^ -'A-'^A-\ -^-^-A-K 



dY* dY ' dV* dV 

□ 

Lemma 8.2. The following volume element dvg^h{Y,V) on Vg x R^'^'^' defined by 

(8.9) dvg^h{Y,V) = (det Y)-'-^[dY][dV] 
is invariant under the action (8.7) of GLg ^. 

Proof. For a fixed element {A,a) e GLg^h, we set 

{Y\V*)^ {A,a)-{Y,V)^ {AY'A,{V + aYA). 

Let ^^Q^Y^^ ^ be the Jacobian determinant of the action (8.7) of GLg h on Vg x M^'^'^^. It is 
known that the Jacobian determinant of the action Y i — > y* is given by 

(det^)^+^ 
d{Y) ^ ' 

Take the diagonal matrix g - {di,---,dg) with distinct real numbers di. Obviously if a = 
{a^i), V - {vi^i) and V* - {v^i), then v^^ - {v^i + cLki)di for all A:,Z. Thus we have 

(8.10) ^^^^d,-dgf^{deiAf. 
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Since the set of aW g x g real matrices whose eigenvalues are all distinct is everywhere dense 
3(V^ ) 

in GL{g,M.) , and "^^py is a rational function, the relation (8.10) holds for any A e GL{g,M.). 
It is easy to see that 

d{Y*,V*) _ d{Y*) d{V*) 
d{Y,V) ~ d{Y) ' d{V) ■ 

Thus we obtain 

[dY*][dV*]^ \det Af^^^\dY][dV]. 
Since detY* = (det^)2dety, we have 

{detY* )-^[dY*][dV*] = {detY)-^[dY][dV]. 
Hence the volume element (8.9) is invariant under the action (8.7). □ 

It is known that 

dfig{Y) (dety)-^ [dY] 

is a volume element on Vg invariant under the action (8.1) of GL(g,M) (cf. [14:\ p. 23]). Let 
r be a positive integer with < r < g. We define a bijective transformation 

pg^P^xp, xM(«''^), r + s^g, Y^{F,G,H) 

by 

Y€Vn, F€Vr, G^Vs, H ^R^^'^'l 

According to [14, pp. 24-26], we obtain 

(8.12) [dY] = (detG)"^ [dF][dH][dG], 
equivalently 

(8.13) dfig{Y)^ {det Fy^det Gy-^ dfir{F)dfis{G)[dH]. 
Therefore we get 

(8.14) dvg^h{Y,V)^ (detF)-^ (detG)"^ dfir{F)dns{G)[dH][dV]. 
Similarly if Y ^Vg, g - r + s with < r < 51, we write 

Y€Vg, P^Vr, Q^Vs, ReR^''''\ 
According to [HI pp. 27] , we obtain 

(8.16) [dY] = (detP)" [dP][dQ][dR], 
equivalently 

(8.17) dfig{Y)^ {det P)Hdet Gy^ d^ir{P)d^is{Q)[dR]. 
Therefore we get 

(8.18) dvg,h{Y,V)^ {detP)"^ {detGy^^ df^r{P)df^s{Q)[dR][dV]. 

The coordinates {F,G,H) or (P,Q,R) are called the partial Iwasawa coordinates on Vg. 




.15) 



p 
Q 



Ir R 

L 
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Theorem 8.2. Any geodesic through the origin {lg,0) is of the form 



7(t) = ( A(2t)M, Z Xit - s)ds^ [fe]) , 



where k is a fixed element of 0{g), Z is a fixed h x g real matrix, t is a real variable, 
-^1) -^2, •■■) -^g o-f^ fixed real numbers but not all zero and 

X{t) diag{e^^\---,e^^^). 

Furthermore, the tangent vector (fS) of the geodesic 7(t) at {lg,0) is {D[k],Z), where 
D = diag(2Xi,-,2Xg). 

Proof. Let W = {X, Z) be an element of p with X * 0. Then the curve 

a(t)= expiH^ = {^e^^ , Z {^J\-'^ ds^ , teM 

is a geodesic in GLg ^ with a'{0) = W passing through the identity of GLg h. Thus the curve 

7(t) = a{t) ■ {Ig, 0) = ( e^*^, Z [£e-'''ds'^ e*^ ) 

is a geodesic in Vg x M^^'^) passing through the origin (/g,0). Since X is a symmetric real 
matrix, there is a diagonal matrix A = diag (Ai, Ag) with Ai,---, A^ e M such that 

X = ^kkk for some k e 0{g), 

where Ai,---,A„ are real numbers and not all zero. Thus we may write 

Hence this completes the proof. □ 

Theorem 8.3. Let (Yq) ^o) CLnd (Yi, Vi) be two points in Vg x Let g be an element in 

GL{g,M.) such that Yq[^ g] = Ig andYi[^g] is diagonal. Then the length s(^{Yq,Vo),{Yi,Vi)) 
of the geodesic joining {Yq,Vo) and {Yi,Vi) for the GLg^h-invariant Riemannian metric 
dsl,m;A,B 9iven by 

(8.19) s{{Yo,Vo),{Y,,Vi))= A}^Z(^ntj)H + B \yAje-^'^'^^'\ dt, 

where Aj - T,k=i^kj - J - d) (^i ~ ^o)*9 - i^kj) o.'nd ti,---,tg denotes the zeros of 
dct{tYo-Yi). 

Proof. Without loss of generality we may assume that (Yq,Vo) - {lg,0) and (Yi,Vi) = 
{T,V) with T = diag{ti,---,tn) diagoanl because the element {g,-Vo) e GLg^ can be re- 
garded as an isometry of Vg x R^^'^^ for the Riemannian metric ds"^ h-AB (cf. Lemma 8.1). 
Let7(t) = (a(t),/3(t)) with < t < 1 be the geodesic in Vg x M^'^'^) joining two points 
7(0) = (Iqj ^0) and 7(1) = {Yi, Vi), where a{t) is the uniquely determined curve in Vg and 
/3(i) is the uniquely determined curve in M^'*'^). 
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We now use the partial Iwasawa coordinates in Vg. Then \i Y ^ Vg, we write for any 
positive integer r with Q <r < g, r + s = g, 

^=(0 g)[{'h /J]' F.Vr,G.V.,H.Ri'^'^\ 
For V iRC^'S), we write 

V= {R,S), R€ M^'*''') , S e M^'^'^^ . 
Now we express ds^ ^.^ ^ in terms of F, G, H, R and S. 
Lemma 8.3. 

dslh;A,B = A.{a{{F-'dFf) + a{iG-'dGf) + 2a{F-'XdH)GdH)} 
+ B-{a{F-^XdR)dR) + a{{G-^ + F-^[*H])\dS)dS)} 
-2B-a{F-^*H\dS) dR). 

Proof of Lemma 8.3. First we see that if F e "Pg, then 

U//r -hW^( -f-^*h \ 



dY 



dG [H] + \dH) ■ GH + ^HG ■ dH \dH) -G + ^H-dG 



dG-H + G-dH 



dG 



and dV = {dR,dS). 
For brevity, we put 



and 



dY-Y 



-1^ /^o lA 
\L2 L^j 



Here Lq, Li, L2 and L3 denote the r y.r, r x s, sy.r and s x s matrix valued differential one 
forms respectively, and Mq, Mi, M2 and M3 denote the r x. r, r x s, sxr and s x s matrix 
valued differential two forms respectively. 

By an easy computation, we get 

Lo = dF- F"^ + *i7G • dH ■ F'^, 

Li = -dF ■ F"^ *iJ - ^HG ■ dH ■ F'^^H + \dH) + ^H-dG- G~\ 

L2 = G-dH-F-^, 

L3 = dG-G-^ - G-dH- F-^ ^H, 



Mo = F-'\dR)dR - F-'^H\dS)dR, 

M3 = -HF~^\dR)dS + {G-^ + F-\^H])\dS)dS. 
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Therefore we have 

Kh;A,B = A-a{{dY.Y-'f)+B-a{Y-'\dV)dV) 
= A-{a{Ll + LiL2) + a{L2Li + 4)} 

+ B-{a{Mo) + a{Ms)} 
= A-{a{{F-^dFf) + a{{G-^dGf) + 2a{F-^XdH) G dH)} 
+ B-{a[F-^\dR)dR) + a{{G-^ +F-\^H])\dS)dS)] 
-2B-a{F-^*H\dS)dR). 



□ 



Let s((Fo,^o),(^i,^i)) be the length of the geodesic 7(i) = {a{t),P{t)) with < i < 1. 
We put 

"(*)=(^o*^ gI)) {H{t) /,) ' Pit) = im,sm o<t<i, 

where F(t), G(t), H(t), R(t) and S(t) are the uniquely determined curves in Vr,Vs, ^'^^'''\ M^'*-'') 
and respectively. 

then we have 

s{{Yo,Vo),{Yi,Vi)) 

x'H(--f)>^(Kfr) 

t 



> A- 



2\ 1 1/2 



+ B- 



The reason is that the quadratic form a(^F ^\dH)GdH) is positive definite. Indeed, if 
M,N € GL(g,R) such that F = *MM and G = 'A^A^, then 

a{F-^\dH)GdH) = a{^WW), W := N-dH-M'^. 

If 



then ^ = and hence H(t) is constant in the interval [0, 1]. Since H(0) = 0, H(t) = (0 < 
t<l). 

Moreover the curve a{t) must be diagonal, that is, 

a(t) = ( V e^^(*)) , x^(0) = 0, xu(l) = Int., l<i^<g, 
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where gi^{t) (1 < v < n) are continuously differentiable in [0,1]. Thus we have 

^- (S e^-^*)^"! 
dt ~ V^"'' dt I 

and hence 

1 da / dxu\ 

Therefore we have 




The minimum value of Xij=i obtained if the curve a(t) is the straight line, i.e., 

Xj{t) = tlntj {1 <j <n), < t < 1 in the (xii'", Xa)-space. Thus we get 




We put 

Pit) = {Pkj{t)) with 0<t<l, l<k<h, l<j<g. 
Then we obtain 

x>K1f)f)}"- 
- x>Hf)f)^^Hf)f)r* 

Each curve Pkj{t) (0 < i < 1) is a curve in M such that j3kj{Q) = and hjiX) = Vkj- Thus 
each curve Pkjit) must be a straight line, that is, for all k,j with l<k<h and 1< j < g, 



Pkjit)=Vkjt, 0<t<l. 
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Therefore we have 



x>K'(f)f)}^- 



\l/2 

Aje-*^"*M dt. 



Finally we obtain 



1/2 , / . \l/2 



(8.20) s{iYo,Vo),iY,,n)) = A jzant^O^j + B £ 

Hence we complete the proof. □ 

For a fixed element {A, a) e GLg^u, we let QA,a • Vg x M^'*'^) — >VgX mS^^^) be the mapping 
defined by 

e^,a(y, y) := {a, a) ■ {y, v), {y, v)^Vg^ 

We consider the behaviour of the differential map dQA,a of QA,a at (/g,0). Then d@A,a is 
given by 

dQA,a{u,v) = (^^x*A v^A), 
where {u,v) is a tangent vector of Vg x MP^'^^ at (-fg,0). 
We let 9 be the involution of GLg^h defined by 

~e{{A,a)) := CA-\-a), {A,a) e GL,,^. 
Then the differential map of ^ at (/g, 0), denoted by the same notation 6 is given by 

0~:0^0, e{x,z)^{-'x,-z), 

where X e M^^'^) and Z e IR^'*'^). We note that I is the (+l)-eigenspace of and 

p = {(X, ^) I X e R(»'S), X = *X, Z e rC^'^) } 

is the (-l)-eigenspace of 9. 

Now we consider some differential forms on Vg x rC*'^) which are invariant under the 
action of GL(g,Z) x Z'^^'S\ We let 

be the discrete subgroup of GLg ^. Let 

IJ.<i' k=ll=l 
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be a differential 1-form on Vg x M^'*'^^ that is invariant under the action of h- We put 



1 fi = v 
otherwise. 



12 

We let 

fiY,V)^ie^,f^,iY,V)) and ct>iY,V) ^ \^kiiY,V)), 

where f{Y, V) is a g x g matrix with entries ff_tu{Y, V) and (p{Y, V) is a g x h matrix with 
entries <pki{Y,V). Then 

a*=a(fdY + (f>dV). 

If 7 = (7, a) 6 &g,h with 7 e GL(g,Z) and a e Z'^'*'^\ then we have the following transfor- 
mation relation 

(8.21) filY'j, (F + a)S) = *7-V(^,n7"' 
and 

(8.22) HlY'j, (F + a)*7)= 
We let 

t^O = C^yil A dyi2 A ••• A dy„„ A dtJii A ••• A dVhg 

be a differential form on Vg xR^^'^) of degree is a differential 

form on'PgxM^'''^^) of de gree that is invariant under the action of &g^h- Then the function 
h{Y, V) satisfies the transformation relation 

(8.23) ^71^*7, {V + a) S) = (det7)-(^+'^+^) h{Y, V) 
for all 7 e GL{g, Z) and a e Z^^'^). 

We write 

= dyii/\dyi'2./\ — Adygg and a;2 = rf^^n a ••• A dv/i^. 

Now we define 

^ab = ^ab A dyi^^AU2, l<a<b<g 

and 



l<^<jy<g 
(/x,^')*(a,6) 



'^cd = ecd<^lA /\ dVfe;, l<C</l, l<d<5. 

l<fc<h, l<i<g 
(fc,0*(c,ci) 

Here the signs and icd are determined by the relations i^ab A dyab = i^o and Ucd A 
dvcd = wq. We let 

h g 

IJ.<i^ k=ll=l 
be a differential form on Vg x rC*'^) of degree iV - 1 that is invariant under the action of 
&g,hj where s^iy(y, F) and (pki are smooth functions on Vg x R^'*'^). We set 

s = {eij.i.Sf,u), eij,i, = eu^i, Si^u = Suij. and = (eki^Pki) ■ 

If we write 
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then we obtain 

If 7 = (7,0:) e ®g,hj then we have the following transformation relations : 

(8.24) s(7y*7, {V + aYj) = (det7)-(^+'^^^) 7s(y, F) S 
and 

(8.25) ifijY *7, ( + a) S) = (det 7)-(s+'^+i) ip{Y, V) S- 
<5g^h acts on Vg x BS^'^^ properly discontinuously. The quotient space 

(8.26) (&g,h\{rg>^^^^''^) 

may be regarded as a family of principally polarized real tori of dimension gh. To each 
equivalence class [Y] € <5g\Pg with Y € Vg we associate a principally polarized real torus 
T^^ = Tyx-xTy with T = M^'/Ay, where Ay = YZ^ is a lattice in M^. 

Let Yi and I2 be two elements in Vg with [Yi] * ["^2], that is, Y2 * AYi U for all ^ e (S^. 
We put Aj = Yi'LS for i = 1,2. Then a torus Ti = Rsr/Ai is diffeomorphic to T2 = M^/Aa as 
smooth manifolds but Ti is not isomorphic to T2 as polarized tori. 

Lemma 8.4. The following set 

(8.27) d\g^h { (y, F) I F 6 d\g, \vkj\ < 1, y = {vkj) € M^'*'^) } 
is a fundamental set for ^g^h\Pg x M^'*'^-'. 

Proof. It is easy to see that '^g,h is a fundamental set for &g^h\Pg x M^'^'^^ . We leave the 
detail to the reader. □ 

For two positive integers g and h, we consider the Heisenberg group 

H^'^^ = {{\h-k) \ \niMS^^^\ KiMS^'^\ K + A symmetric } 
endowed with the following multiplication law 

(A, /x; k) o (A',/i'; k) = (A + A',/x + /x'; « + + A*)u' - jU*A'). 
We define the semidirect product of Sp{g, R) and H^'^^ 

G-' = Sp(g,R)xH^^'''^ 
endowed with the following multiplication law 

(M,(X,h;k))-(M',(\',ii';k')) = (MM', (A + A', A + « + + A V - /x*A')) 

with M,M' e Sp(g,R),{X,ii;K), (A',m';/c') e ifi^'''^ and (A,/i) = (A,//)M'. Then G"^ acts 
on Mg X C^'''^) transitively by 

(8.28) (M, (A, k)) • (J^, = (M • Q, (Z + Xn + fi)(Cn + D)'^), 

where M = e 5p(5,M), (A,/x;k) e H^'''^ and (J),Z) € Mg x C^'*'^). We note that 

the Jacobi group G"^ is not a reductive Lie group and also that the space Mg x C^'^'^^ is not 
a symmetric space. 
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We let 



be the discrete subgroup of G'^, where 

We define the map <^>g^h ■ 'Pg x 1^^'''^' —^MgX C^^'f ' by 

(8.29) ^g,h{Y,0--- {iY,0, {Y,O^VgxR^^''^. 

We have the following inclusions 

eg^h acts on Vg x R^^'d), r; X F^S'^) acts on x and Tg,,, acts on Mg x C^'^'f' and 

M* X C^^'9\ It might be interesting to characterize the boundary points of the closure of the 
image of <Pgh in M* xC^^^9\ 



9. Real Semi-Abelian Varieties 



In this section we review the work of Silhol on semi-abelian varieties [27] which is needed 
in the next section. 

Definition 9.1. A complex semi-abelian variety A is the extension of an abelian variety A 
by a group of multiplicative type. A semi-abelian variety is said to be real if it admits an 
anti-holomorphic involution which is a group homomorphism. 

Let T be a group of multiplicative type. We consider the exponential map exp : t — > T. 
The real structure 5 on T lifts to a real structure 5t on t. Then Lt := kerexp is a free 
Z-module and Si induces an involution on Li. By standard results (cf. [Ml I- (3.5.1)]), we 
can find a basis of Li with respect to which the matrix for Si is of the form 



(Is 





• 


• 


\ 





B 


• 


• 











B ■ 


• 











• 


. 











• 


• B 





u 





• 


■ 


-It) 



Since fixing a basis of Lt is equivalent to fixing an isomorphism T = (C*)*", we get 

r=rixr2xr3, r = s' + 2p + t', 

where 

(i) Ti = C* X ••■ X C* (s'-times) and S induces on each factor the involution z i — > z. In this 
case we write Ti = x • • • x ; 

(ii) T2 - C* X ••• X C* (t'-times) and S induces on each factor the involution z 1 — > In 
this case we write Ti = G^ x ■ ■ • x GJ^ ; 

(iii) Ts = (C* X C*) X ... X (C* X C*) (p-times) and S induces on each factor (C* x C^") the 
involution (2^1,2:2) ' — *• {z2,zi). In this case we write T3 - G^ x ... x G^. 
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Let A = {C e C I Id < 1 } be the unit disk and let A* = {C e C | < |C| < 1 } be a punctured 
unit disk. Let : Z* — > A* be a holomorphic family of matrices <^"^(C) = ^(C) Elg- We 
have the natural action of the lattice 1?^ on A* x defined by 

(9.1) (A,/x)-(C,^):=(C,^ + A+Z(C)Ai), C^A*, A,MeZ^ z^£?. 
Then the quotient space 

(9.2) A* := (A* X C^)/Z25 

is a holomorphic family of principally polarized abelian varieties associated to a holomorphic 
family ip:Z* — s- A*. 

Now we write 

z(c) = x(c) + iy(C)eH, 

and 

y(C) = *VF(C)-D(C)W^(C) 6 T^g (the Jacobi decomposition) 

with diag(di(C), -"i ^3(0) ^ ^^^'^^ is a diagonal matrix. 

Now we assume the following conditions (F1)-(F3) : for any 6 A* := { C e C | < |C| < }, 

(Fl) There exists a positive number r > such that for any € A*, Z(Q e Wg{u) for some 
u>0, where A* := { C e C | < |C| < r } ; 

(F2) X{C) converges in 

r(9,9) and W{0 converges in GL(g,M.) as ^ ^ ; 
(F3) lim^^o c^j(C) - di converges for 1 < i < g - 1, and lim^^o diiO = °° ioi g - t <i < g. 
Let 

Zl,g-t - 0\ 

: 

Zg-t,g-t - 



Z(0) = 



/ Zll 

Zg-t,l 
\ ^9,1 



0/ 



Zij = lim%(C)- 



Zg,g-t 

The action (9.1) extends to the action of on A x by letting Z(0) be the fibre at C = 0. 
We take the quotient space 

(9.3) A := (A x 

Then wc sec that A is an analytic variety fibred holomorphically over A, and the fibre at 
is a semi-abelian variety 

(9.4) Ao = C^/Lo, Lo := Z^Z(O) + c 
of the abelian variety 
(9.5) 

by (C*)*, where 



An := 



-*/L^ , L" := Z»"*Z* (0) + Z^"* c 



Z\0) 



The extension 



' Zll Zl^g-t 

\Zg-t,l - Zg-t,g-t/ 

(e)*^Ao^ Ao 
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is defined by the image of 



under the maps 

C9-*_Ao — Pic°(Ao), 
where the last map is the isomorphism defined by the polarization. 

These above facts can be generalized as follows. 

Proposition 9.1. Let ip ■ Z* — > A* he a holomorphic family of matrices = -^(C) 

Mg such that ip^^{C,) - Z{C) converges in M* as ( 0. Then there exists an analytic variety 
A{Z*) — > A such that 

(i) the fibre at C,{t 0) e A is the principally polarized ahelian variety /L(^ with the lattice 
Lc_ = Z3Z{C) + Z9 ; 

(ii) the zero fibre A{Z*)q is a semi-abelian variety. 

Proof. The proof can be found in [271 p. 189]. □ 

Theorem 9.1. Let tp ■ Z* — > A* be a holomorphic family of matrices ip^^{(^) - Z(() in Mg 
such that ip^^{C) - Z{C) converges in M* as C 0. We assume that Z{C) - (p^^{C) ^ =^ 
for C e Mn A*. Let {s,t) be such that 

liniZ(C) e75A/(^s,tn:^) 
for some M e Z^^'^^ and some 7 e F*. Then 

(a) A{Z*)q has a natural real structure extending the real structures of the A{Z*)t^'s for 
C e M n A* ; 

(b) As a real variety, A(Z*)q is the extension of a real abelian variety A(Z*)q by 

(GlY' x{Gl:Yx{GZy', s^s'+p, t^t' + p; 



(c) Let X e <^^(s,t) c be the image o/lim^^o-^(C) o,nd let [x] be the image of 

x under the isomorphism ^^(s,t) = ^^^^ with r - s + t. Then [x] is the real isomorphism 
class of A{Z*)o. 

Proof. The proof can be found in [271 PP- 191-192]. □ 
Corollary 9.1. Let 99 : Z* — > A* be as in Theorem 9.1. Assume 

^lhn^Z(C)e^o,t {resp. ^s,o). 

Then the class of the extension 

{GZY - A{Z*)o AiZlo 
(^resp. O^(G^)'^ A(Z*)o — 2(Z*)o^O ) 
is defined by t purely imaginary divisors on A{Z*)o ( resp. s real divisors A(Z*)q ). 
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10. Real Semi- Tori 



A real semi-torus T of dimension g is defined to be an extension of a real torus T of 
dimension g-thy & real group (M*)* of multiplicative type, where M* = M - {0}. 

Let J={^6R| -l<^<l}be the unit interval and I* - I - {0} be the punctured unit 
interval. Let w : 2)* — >■ /* be a real analytic family of matrices w~^{^) = Y{^) e Vg. We 
have the natural action of the lattice in MP on /* x MP defined by 

(10.1) a-{i,x) = {i,x + Y{^)a), a e Z^^, ^ e x e M^. 
The quotient space 

(10.2) T* (r xMf)/Zf 

is a real analytic family of real tori of dimension g associated to a real analytic family 
ro:2)* We let 

be the Jacobi decomposition of y(,^), where D(0 = diag(c?i(,^),---,dg(^)) is a real diagonal 
matrix and W{^) is a strictly upper triangular real matrix of degree g. Now we assume the 
following conditions (T1)-(T4): 

(Tl) There exists a positive number r with < r, 1 such that for any ^ e I*, iY{^) e Wg{u) 
for some u> 0, where /*:={^eM| - r < ^ < r} ; 

(T2) W{0 converges in GL{g,R) as ^ ^ ; 

(T3) lim^^o di{(,) = di converges for 1 < i < g - and lim^^o di{^) = oo ioic g - t < i < g. 
Let 



y(o) 



' yii ■ 


• Vhg-t 


• 


■ ^) 






• 




Vg-t,! ■ 


yg-t,g-t 


• 


■ 


\ 2/9,1 • 


yg,g-t 


• 


• 0; 



Vij = l™2/y(C)- 



The action (10.1) extends to the action of on IxW \yy letting Y{0) be the fibre at ^ = 0. 
We take the quotient space 



(10.3) 



T := (7 X 



Then we see that T is a real analytic variety fibred real analytically over I, and the fibre 
at is a real semi-torus 



(10.4) 

of the real torus 
by (C*)*, where 



-0 



Tn := 



io, Ao := Z^^y(O) c 
-yA", A^ := Z»-*F*(0) is a lattice in R^"* 

' yii 

\yg-t,l 



Y\0) = 



yi,g-t 
yg-t,g-t) 



e Vg-f 
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In this final section we give some open problems related to polarized real tori to be studied 
in the future. 

Problem 1. Characterize the boundary points of the closure of iVg in H* explicitly. 

Problem 2. Find the explicit generators of the ring I])(g,h) of differential operators on 
the Minkowski-Euclidean space Vg X m('^'9) which are invariant under the action (8.7) of 
GLg^h^GL{g,R) xR^^'3\ 

The orthogonal group 0(g) of degree g acts on the subspace 

{{X,Z)\ X ^^X € R^3,9)^ z e M^'^'^') } 
of the vector space x rC'^b) by 

(11.1) k-{X,Z) ^ {kX^k,Z^k), keO{g), {X,V) €p. 

The action (11.1) induces the action of 0(g) on the polynomial ring Pol(p) on p. We denote 
by I(p) the subring of Pol(p) consisting of polynomials on p invariant under the action of 
0(g)- We see that there is a canonical linear bijection 

G:/(p)— .D(5,/i) 
of I{p) onto n(g,h). We refer to [28] for more detail. 

Problem 3. Find the explicit algebraically independent generators of /(p). 

Problem 4. Develop the theory of harmonic analysis on the Minkowski-Euclidean space 
Vg X M^'^'S') with respect to a discrete subgroup of GL{g,'L). 

Problem 5. Characterize the boundary points of the closure of the image of ^g^h in 
Wg X C(^'3) (cf. see (8.29)). 

Problem 6. Find the explicit generators of the ring of differential operators on the Siegel- 
Jacobi space Hg x C^'*'^^ which are invariant under the action (8.28) of the Jacobi group 

G-' = Sp{g,R) X H^'^''\ We refer to [M] 

Problem 7. Develop the theory of harmonic analysis on the Siegel-Jacobi space Hg x 
with respect to a congruent subgroup of Tg^h - Sp{g,'L) x H^'^^K We refer to [30] . 

Appendix : Non-Abelian Cohomology 

In this section we review some results on the first cohomology set H^{<t>,T) obtained 
by Goresky and Tai [9], where <t>- {1, t} is a group of order 2 and 7 is a certain arithmetic 
subgroup. These results are often used in this article. 
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First of all we recall the basic definitions. Let S* be a group. A group M is called a 
S-group if there exists an action of G on M, S x M — > M, {a, a) i — > a{a) such that 
a{ab) - a(a) a(b) for all a e and a,b € M. From now on we let I5 (resp. 1m) be the 
identity clement of S (resp. M). We observe that if M is a S-group, then (t(1m) = 1m for 
all a e S. 

Definition. Let M be a S-group, where S is a group. We define 

H^{S,M) := {ae M\ a{a) ^ a for all a e S" } . 

A map f ■ S — > M is called a 1-cocycle with values in M if /(ar) - ficr)(T(f(T)) for all 
a,T € S. We observe that if f is a 1-cocycle, then = 1m- We denote by Z^{S,M) the 

set of all 1-cocycles of S with values in M. Let fi and /2 be two 1-cocycles in Z^{S,M). 
We say that fi is cohomologous to f2, denoted /i ~ /2, if there exists an element h € M 
such that 

f2(a) = h-^fi{a)a{h) for ah a e S. 

Let f\, : S — * M be the trivial map, i.e., f\,{a) - 1m for all a € S. A map f : S — y M is 
called a l-coboundary if f ^ f\,, i.e., if there exists h & M such that /(cr) = h~^a{h) for all 
aeS. 

Obviously a l-coboundary is a 1-cocycle. It is easy to see that ~ is an equivalence relation 
on Z^{S,M). So we define the first cohomology set 

H\S,M) := Z\S,M)/ 

Remark. In general, H^{S,M) docs not admit a group structure. But H^{S,M) has an 
identity, that is, the cohomologous class containing the trivial 1-cocyclc f\,. 

Example. Let L be a Galois extension of a number field K with Galois group G. A linear 
algebraic group defined over K has naturally the structure of G-group. It is known that 
H^{G,GL{n,L)) is trivial for all n>l. Using the following exact sequence of G-groups 

1 SL{n, L) GL{n, L)^L* ^1, L* = L- {0}, 

we can show that H^{G,SL{n,L)) is trivial. 

We put G = Sp{g,R) and K = U{g). Then D = G/K is biholomorphic to Mg. Let 
Sr = {l,r} be a group of order 2 as before. We define the Sr-group structure on G via the 
action (2.7) of Sr on G. Let T be an arithmetic subgroup of Sp{g,Q). We let 

Xr := T\G/K s T\Wg 

and let 7rr : D — > Xr be the natural projection. For any 7 e F, we define the map 
f:Sr^Thy 

(1) /7(l) = lr and /» = 7, 

where Ir denotes the identity element of F. 

Lemma 1. Let 7 e F. Then 

(a) fy is a 1-cocycle if and only if ^t{^) - Ir, equivalently, t(^)j = Ir- 

(b) A cocycle f^ is a l-coboundary if and only if there exists /i e F such that 7 = T{h)h'^ . 
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Proof. The proof follows immediately form the definition. □ 

To each such a 1-cocycle we associate the 7-twisted involution t'j ■ D — > D and 
T7 : r — > r. Indeed the involution T'j ■ D — > D is defined by 

(2) Tj{xK) - t{^xK) - t{^)t{x)K, X € G 
and the involution T'j ■ T — > T is defined by 

(3) T7(7i) = 7"(77i7"^), 71 6 r. 
Let 

and 

be the fixed point sets. 



D^T:= {xeD| (r7)(x) = x } 
r^^:= {7ier| (t7)(7i) = 7i } 



Lemma 2. Let x e D. Then TTr{x) e if and only if there exists an element 7 e T such 
thatx^'D^"'. 

Proof. It is easy to prove this lemma. We leave the proof to the reader. □ 

Theorem A. Assume T is torsion free. Let "^r be the set of all connected components of 
the fixed point set X^. Then the map ■ H^{Sr,T) — > '^r defined by 

'^r{[f,]) - vrr(D-^) = r^^\D-^ 

determines a one-to-one correspondence between H^{Sr,T) and "^r- 

Proof. The proof can be found in [9l pp. 3-4]. n 

Theorem B. Let Sr - {1,7"} be 0, group of order 2. Then Sp{g,M) has a Sr-group structure 
via the action (2.7) and hence U{g) also admits a Sr-group structure through the restriction 
of the action (2.7) to U{g). And H^{Sr,U{g)) and H^{Sr, Sp{g,M.)) are trivial. 

Proof. The proof can be found in [51 pp. 8-9]. However I will give a sketchy proof for the 
reader. Assume fk is a 1-cocycle in Z^{Sr, U{g)) with ^ = ^ ^ ^ ^{q)- Using the fact 
T{k)k - Lg, we see that 

A^^A, B^^B, AB^BA and + B"^ ^ Ig. 
Therefore we can find h e 0{g) such that h{A + iB)h^^ -De U{g) is diagonal. We take 

^ - \fTi 6 U(g) by choosing a square root of each diagonal entry. We set 5 - h^^fih. Then 
k - t(6)6^^. By Lemma 1, fk is a 1-coboundary. Hence H^{Sr,U{g)) is trivial. 



Let G - Sp{g,M.) as before. Suppose /a/ e Z'^{Sr,G) with M - e G. Then 



we 



see that /m is a 1-coboundary with values in G if and only if M.^^'^ t 0. We can find Mi e G 



such that M.g^^'^ ^ and /m ~ fhh ~ /b- Therefore fu ~ /t, that is, /m is a 1-coboundary 
with values in G. Hence H^{S-r,G) is trivial. □ 

Theorem C. For all m> 1, the mapping H^{Sr,rg{Am)) H^{Sr,Tg{2,2m)) is trivial. 
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Proof. The proof can be found in [9l pp. 7-10]. We will give a sketchy proof for the reader. 
In order to prove this theorem, we need the following lemma. 

Lemma 3. If t(^)j e Tg(4m) with 7 e Tg, then 7 = Pu for some (3 e Tg{2,2m) and for 
some u e GL{g,'L). 

Lemma 4. Let 7 e r^(2) and suppose $7 e is not fixed by any element ofVg other than 
±Ig. Suppose t{Q) = 7-17. Then there exists an element h^Tg such that 7 = t(/i) h^"^ . 

Lemma 4 is a consequence of the theorem of Silhol [271 Theorem 1.4] and Comessatti. 
Suppose f.y is a cocycle in Z^{St^T g{Am)) with 7 e rc,(4m). According to Theorem B, 
its image in H^(Sr,G)) is a coboundary and so there exists h € G with 7 = T{h)h^^. 
Thus M'^^ - h ■ (iVg). By Lemma 2.2, there exists e IF'"' which are not fixed by any 
element of other than ±l2g and the set of such points is the complement of a countable 
union of proper real algebraic subvarieties of IF'"'. According to Lemma 4, 7 = T{h)h~^ 
for some h^Tg. By Lemma 3, we may write h - (iu for some /3 € Tg(2,2m) and for some 
u e GL{g,'L). Then 7 = T{h)h^^ - t{(3)/3^^. By Lemma 1, the cohomology class [/^] is 
trivial in iJ^ (5^, Tg (2, 2m)). □ 

Theorem D. Let Tq = rg(2,2r?7.) and T - Tg(4:m). Then we have the following results: 
fa; = G^/K'^; 

(b) For each cohomology class [f^] e H^{Sr,T), there exists /i e Tq such that 7 = T{h)h^^ , 
in which case 

W ^ hW and = HY^h-^. 

(c) The association f^ — h (cf. see (2)) determines a one-to-one correspondence between 
H^{Sr,T) andT\To/Tl. 

(d) 

/ier\ro/r5 

Proof, (a) follows from the fact that H^{Sr,U{g)) is trivial (cf. Theorem B). (b) follows 
from Theorem C. (c) follows from Theorem C, and the facts that T is a normal subgroup of 
To and that r acts on r\ro trivially, (d) follows from Theorem C. (c) follows from Theorem 
C, and the facts that T is a normal subgroup of Fq and that r acts on F\Fo trivially together 
with the fact that F s torsion free. □ 

Corollary. Let m be a positive integer with m > 1. Let Sr be as in Theorem A. Let 
F = Tg(4m) and X - T\Mg. The set of real points of X is given by 

Xr - U^[h]\hiiVg) = F\EI^^ 

h 

where h is indexed by elements 

h 6 F3(4m)\F3(2,2m)/FW(2) = H\Sr,Tg{Am)) 

andV^h:] '■- /iFg^-'(4m) /i"^. 

Proof. The proof follows from (c) and (d) in Theorem D. □ 
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